OPERATOR SPLITTING

FOR THE

STOKES EQUATIONS by Wilhelm Heinrichs Mathematisches Institut der Heinrich–Heine–Universität Düsseldorf, Universitätsstr. 1, D-40225 Düsseldorf, Germany

Abstract

A pseudo spectral (or collocation) approximation of the unsteady Stokes equations is presented. Using the Uzawa algorithm the spectral system is decoupled into Helmholtz equations for the velocity components and an equation with the Pseudo-Laplacian for the pressure. In order to avoid spurious modes the pressure is approximated with lower order (two degrees lower) polynomials than the velocity. Only one grid (no staggered grids) with the standard Chebyshev Gauss-Lobatto nodes is used. Here we further compare our treatment with a Neumann boundary value problem for the pressure. The highly improved accuracy of our method becomes obvious. In the time discretization a high order backward differentation scheme for the intermediate velocity is combined with a high order extrapolant for the pressure. It is numerically shown that a stable third order method in time can be achieved. Higher order schemes can be obtained by a direct Uzawa decoupling without pressure correction. Numerical results are presented.

1 Introduction

We consider the unsteady Stokes equations in velocity-pressure formulation which are discretized by a pseudo spectral (or collocation) method. This means that the solution is approximated by global Chebyshev polynomials (see, e.g., Canuto et al. [7] and Orszag [22]). The collocation nodes are the standard Chebyshev Gauss-Lobatto nodes. In particular, we introduce a Chebyshev collocation method which has the following desirable properties:

• high spectral accuracy

• no spurious modes except the physical one (constant mode)

• nonstaggered grids.

If the Stokes equations are spectrally discretized in a straightforward manner, the pressure is affected by spurious modes (parassite modes) which deteriorate the spectral accuracy of the method. This is usually avoided by introducing staggered grids where both the Gauss nodes and the Gauss-Lobatto nodes are employed (see, e.g., Bernardi and Maday [4]). This problem is also known from finite difference (checkerboard instability) or finite element (Babus̆ka – Brezzi condition) discretizations. Here we avoid the occurence of spurious modes by approximating the pressure with lower order polynomials than the velocity. The same idea was already mentioned by Schumack, Schultz and Boyd [26] in a similar context. In [26] numerous ways to avoid the problem of spurious modes are presented. The pseudo spectral methods using nonstaggered grids are simpler to implement and have comparable or better accuracy than the staggered grid formulation. A convergence analysis of this method was already given by Azaiez [2], [3].

Our approach to solve the spectral system is to use a global iterative decoupling procedure which is an extension of the classical Uzawa algorithm. The Uzawa algorithm was already extensivly used in the finite element context (see Arrow, Hurwitz and Uzawa [1], Bristeau, Glowinski and Periaux [6], Girault and Raviart [8], Glowinski [9], Temam [27]). This approach was also chosen by Rønquist [25] in the context of spectral element methods. The Uzawa method is more efficient in terms of computational complexity than a direct approach (see Yamaguchi, Cheng and Brown [28]). In particular, this becomes obvious for large three-dimensional systems. It requires no pressure boundary conditions or rediscretizations of the original problem. In so far it is more attractive than the Poisson equation approach (Glowinski and Pironneau [10], Kleiser and Schumann [20]). A quite good survey about operator splitting techniques is also given by Maday et al. [21].

We present a decoupling procedure where we reduce the problem to the solution of Helmholtz equations and an equation with a ”Pseudo–Laplace” operator (also called ”energy”). This splitting was introduced in [18] where the properties of this operator were studied. It was shown that the eigenvalues of the spectral Pseudo-Laplacian are real and negative (except one eigenvalue which is zero and belongs to the constant mode). By using this result it is readily seen that our discretization does not introduce any spurious modes for the pressure. Since the spectral Pseudo-Laplacian is very ill-conditioned an effective iterative solver requires a preconditioner. Hence in [18] suitable finite difference (FD) preconditioners are presented. These results are important since the Pseudo–Laplacian occurs in many applications. For instance also the spectral multigrid (SMG) Stokes solver by distributive relaxations (see Heinrichs [17]) makes use of these results. Performing a distributive relaxation only involves smoothing Poisson–like equations. Hereby the Pseudo–Laplace operator occurs.

Here we further compare our treatment with a Neumann boundary value problem for the pressure (see Rannnacher [24]). The highly improved accuracy of our method becomes obvious. The Neumann boundary condition yields no correct condition for the pressure where no boundary conditions are prescribed. In the time discretization a high order backward differentation scheme for the intermediate velocity is combined with a high order extrapolant for the pressure. It is numerically shown that a stable third order method in time can be achieved. Unfortunately, the corresponding fourth order method becomes unstable. Hence we recommend our third order method for sufficiently small time steps. Higher order schemes can be obtained by a direct Uzawa decoupling without pressure correction. The resulting scheme is one order less accurate (since there is no pressure correction) but it remains to be stable up to an order of six. Numerical results are presented.

2 Time Splitting scheme

We consider the unsteady Stokes equations ∂u ∂t − ∇^2u + ∇p = f in Ω = (−1, 1)^2, t > 0, (1)

∇ · u = 0 in Ω, t > 0, (2) u = 0 on ∂Ω, t > 0, (3) where u = (u_1, u_2)^t denotes the velocity and p the pressure. f is a given force defined in Ω. The problem is subject to an initial condition at t = 0. Since the pressure is only determined up to a constant, we impose the average pressure to be zero, i.e., ∫ Ω pdx = 0.

The standard backward Euler time discretization of the equations (1)–(3) leads to the following scheme:

L^n_{t,k}u^{n+1} − ∇^2u^{n+1} + ∇p^{n+1} = f^{n+1} in Ω, (4) ∇ · u^{n+1} = 0 in Ω, (5) u^{n+1} = 0 on ∂Ω, (6)

where Δt denotes the step size in t and the index n + 1 indicates that the functions are evaluated at the time step t_{n+1} = (n + 1)Δt for n = 0, 1, 2, . . .. The operator L^n_{t,k} represents the backward differentation scheme for the approximation of^∂_{∂t} . The index k denotes the order of the scheme. It can be written as: L^n_{t,k}u^{n+1} = 1 Δt k∑ m=0 β_mu^{n+1}�^m (7)

For k = 1 the operator L^n_{t,1} yields the standard backward Euler scheme given by β_0 = 1, β_1 = −1: L^n_{t,1}u^{n+1} = u^{n+1} − u^n Δt which is of first order in time. For k = 2 we obtain β_0 =^3_2 , β_1 = −2, β_2 =^1_2 :

L^n_{t,2}u^{n+1} = 3 2 u^{n+1} − 2u^n +^1_2 u^n�^1 Δt which is of second order accuracy in the approximation of^∂_{∂t} .

In order to minimize the computational cost it is reasonable to introduce an operator splitting approach, in which each of the spatial operators (here for the velocity and the pressure) is treated explicitly. Here we consider the following splitting:

L^n_{t,k}ũ^{n+1} − ∇^2ũ^{n+1} + ∇p^{n+1}_l = f^{n+1} in Ω, (8) ũ^{n+1} = 0 on ∂Ω (9) and β_0 u^{n+1} − ũ^{n+1} Δt + ∇ ( p^{n+1} − p^{n+1}_l ) = 0 in Ω, (10)

∇ · u^{n+1} = 0 in Ω, (11) u^{n+1} = 0 on ∂Ω. (12)

Here ũ^{n+1} denotes some intermediate velocity and p^{n+1}_l defines some extrapolant for the pressure obtained from previous l time steps. Hence at each time step, an intermediate velocity field ũ^{n+1} is first computed implicitly by using the extrapolated value p^{n+1}_l for the pressure, without enforcing the incompressibility constraint. Then, a correction u^{n+1} − ũ^{n+1} is calculated, as well as a correction to the extrapolated pressure field, p^{n+1} − p^{n+1}_l . Here the incompressiblity condition is enforced at time t_{n+1}. We are interested in the stability and the order of convergence of the above splitted scheme. Clearly, the order of convergence must depend on the order k of the backward differentation scheme and the order l of the extrapolation where

p^{n+1}_l = l�1_∑ m=0 γ_mp^n�^m.

The values γ_m, m = 0, . . . , l − 1 denote suitable extrapolation coefficients. For l = 1 we have γ_0 = 1, for l = 2 we have γ_0 = 2, γ_1 = −1. The first system (8)-(9) is essentially equivalent to

(−∇^2 + β_0 1 Δt I)ũ^{n+1} = f̃^{n+1} in Ω, (13)

ũ^{n+1} = 0 on ∂Ω (14)

where f̃^{n+1} = f^{n+1} − 1 Δt k∑ m=1 β_mu^{n+1}�^m − ∇p^{n+1}_l .

For the Helmholtz problem (13)–(14) many effective solvers are already available. In particular, we recommend the use of spectral multigrid (SMG) techniques (see [5], [12], [13], [14], [15] , [16], [29], [30]). Above all, the algebraic SMG methods (see [15]) yield very efficient solvers for this type of equation. The system (10)–(12) is equivalent to

β_0 1 Δt u^{n+1} + ∇p^{n+1} = g^{n+1} in Ω, (15)

∇ · u^{n+1} = 0 in Ω, (16) u^{n+1} = 0 on ∂Ω, (17)

where g^{n+1} = β_0^1_{Δt}ũ^{n+1} + ∇p^{n+1}_l . For the effective solution we recommend an Uzawa-like (see [1]) decoupling procedure. But before we describe the Uzawa algorithm let us first introduce the pseudo spectral discretization of the above system.

3 Pseudo spectral discretization

In order to give the pseudo spectral discretization of the Stokes systems we have to define spectral derivative operators for the velocity and the pressure. We first introduce these operators in the one-dimensional case. Then the two-dimensional spectral operators can easily be derived by using tensor product representation.

We approximate the velocity components u_1, u_2 by polynomials in IP^0_N , N ∈ 2IN and the pressure p by polynomials in IP_N�_2. A similar treatment is possible for odd N. Here we use the pseudo spectral Chebyshev discretization. The corresponding spectral derivative operator for the velocity components is for instance given in [7]. Let v denote a scalar function with v(±1) = 0. After eliminating the boundary conditions we obtain v0(x_j) ∼= (D^0v)_j, j = 1, . . . , N − 1, where D^0 ∈ IR^N�^{1,N}�^1, x_j = cos^{jπ}_N , j = 1, . . . , N − 1. Here D^0v means that

D^0 is multiplied by the vector with the components v(x_j), j = 1, . . . , N − 1. After eliminating the homogeneous Dirichlet boundary conditions we obtain for the second derivative:

v00(x_j) ∼= ((D^2)^0v)_j, j = 1, . . . , N − 1,

where (D^2)^0 ∈ IR^N�^{1,N}�^1.

In order to avoid spurious modes in pressure (see, e.g., Canuto et al. [7]) we approximate the pressure by polynomials in IP_N�_2. In [4] and [25] the discretization for the pressure was performed on a staggered grid induced by the Chebyshev Gauss nodes. The Gauss nodes were mainly chosen for reasons of accomplishing an analysis of the spectral method. A disadvantage of the Gauss nodes lies in the fact that one has to interpolate between the Gauss-Lobatto and Gauss nodes. Hence we prefer nonstaggered grids with the Gauss-Lobatto nodes only. Here we observed no spurious modes, either.

The derivative operator D for the pressure is now defined as follows: p0(x_j) ∼= (Dp)_j, j = 1, . . . , N − 1, where D ∈ IR^N�^{1,N}�^1 is given by

D = T D̂T �^1

and T = (t_{i,k})_{i,k=1,...,N}�_1 is explicitly defined as:

t_{i,k} := cos(k − 1) iπ N , i, k = 1, . . . , N − 1. D̂ defines the derivative operator in coefficient space (see [11]). This means that T �^1 performs the interpolation into IP_N�_2 which is induced by the Chebyshev Gauss-Lobatto nodes x_j, j = 1, . . . , N − 1. D̂ performs the differentiation in coefficient space and T transforms back into physical space.

In the two-dimensional case the spectral derivative operator can easily be constructed using the tensor product representation. Now the partial derivative operators for the velocity read as follows: ∂ ∂x : D^0_x := D^0 ⊗ I, ∂ ∂y : D^0_y := I ⊗ D^0,

∂^2 ∂x^2 : D^0_{xx} := (D^2)^0 ⊗ I,

∂^2 ∂y^2 : D^0_{yy} := I ⊗ (D^2)^0,

∂^2 ∂x^2 + ∂^2 ∂y^2 : D^0_Δ := D^0_{xx} + D^0_{yy},

where I ∈ IR^N�^{1,N}�^1 denotes the identity matrix. For the pressure we define: ∂ ∂x : D_x := D ⊗ I, ∂ ∂y : D_y := I ⊗ D.

Now we are ready to present the pseudo spectral discretization of the Stokes system. We first consider the system (4)–(6): ( −D^0_Δ + β_0 1 Δt I ) u^{n+1}_1 + D_xp^{n+1} = f̂^{n+1}_1 , (18) ( −D^0_Δ + β_0 1 Δt I ) u^{n+1}_2 + D_yp^{n+1} = f̂^{n+1}_2 , (19) D^0_xu^{n+1}_1 + D^0_yu^{n+1}_2 = 0, u^{n+1}_1 = u^{n+1}_2 = 0 on ∂Ω, where f̂^{n+1}_i := f^{n+1}_i − 1 Δt k∑ m=1 β_mu^{n+1}�^m i , i = 1, 2. Since we want to use the operator splitting we have to solve a Helmholtz problem for the intermediate velocity components: ( −D^0_Δ + β_0 1 Δt ) ũ^{n+1}_i = f̃^{n+1}_i , ũ^{n+1}_i = 0 on ∂Ω, i = 1, 2 and β_0 1 Δt u^{n+1}_1 + D_xp^{n+1} = g^{n+1}_1 β_0 1 Δt u^{n+1}_2 + D_yp^{n+1} = g^{n+1}_2 D^0_xu^{n+1}_1 + D^0_yu^{n+1}_2 = 0 in Ω, u^{n+1}_1 = u^{n+1}_2 = 0 on ∂Ω.

By applying the divergence to the first two equations and further using the divergence - free condition (Uzawa decoupling) we finally arrive at: ( D^0_xD_x + D^0_yD_y ) p^{n+1} = D^0_xg^{n+1}_1 + D^0_yg^{n+1}_2 . (20) In many applications the operator B = D^0_xD_x + D^0_yD_y is also called Pseudo-Laplacian or energy. The Helmholtz problems can efficiently be solved by using spectral multigrid techniques as already proposed in [5], [12], [13], [14], [15], [16], [29], [30]. In [18] we already studied the properties of B. It was shown that the eigenvalues of B are real and negative (except one eigenvalue which is zero and belongs to the constant mode). Hence it is readily seen that our discretization does not introduce any spurious modes. Since the spectral Pseudo-Laplacian is very ill-conditioned an effective iterative solver requires a preconditioner. Therefore in [18] suitable finite difference preconditioners are presented. For further details about the Pseudo-Laplacian we refer to [18]. Here we are mainly interested in the accuracy of our splitted scheme. In particular, we are interested in a compare of the above discretization with the Pseudo-Laplacian and a discretization where the pressure is determined due to Neumann boundary conditions (see Rannacher [24]). Here the function p^{n+1} is determined by the following Neumann boundary value problem:

Δp^{n+1} = ∇ · g^{n+1} in Ω, (21) ∂ ∂ν p^{n+1} = 0 on ∂Ω, (22)

where ν denotes the outer unit normal on ∂Ω. These boundary conditions are chosen since ν · u^{n+1} = ν · ũ^{n+1} = 0 on ∂Ω.

On the other hand it is well known that the exact pressure p satisfies a nonhomogeneous Neumann boundary value problem. Nevertheless the method represents correctly the velocity field. The finite element analysis of Rannacher [24] indicates that in the interior of the domain Ω the pressure p^{n+1} is indeed a reasonable approximation of the exact pressure p(t_{n+1}), as the effects of the non-physical Neumann boundary conditions decay exponentially with respect to dist(x, ∂Ω)/ √ Δt, and hence lives only in a narrow boundary layer of width O( √ Δt).

4 The steady case

Here we numerically compare our Pseudo-Laplace equation (20) with the Neumann boundary value problem (21-22). In particular, we consider the following example where x = 1 2 (x + 1), y = 1 2 (y + 1) are variables defined in [0, 1] and u_1(x, y) = r(x)s(y), u_2(x, y) = −s(x)r(y), (23) p(x, y) = exp(x + y − 1), (24) where r(x) = x^2(1 − x)^2 s(y) = 2y(1 − y)^2 − 2y^2(1 − y).

Hence the functions u_1, u_2 satisfy u_1(x, y) = u_2(x, y) = 0 for (x, y) ∈ ∂Ω.

Furthermore the functions r, s are chosen such that r0 = s. Hence it follows ∂ ∂x u_1(x, y) + ∂ ∂y u_2(x, y) = 1 2 (r0(x)s(y) − s(x)r0(y)) = 1 2 (s(x)s(y) − s(x)s(y)) = 0. Therefore the velocity field is divergence-free. For sufficiently small Δt we calculated the pseudo spectral approximation due to the equation with the Pseudo-Laplacian. These approximations were denoted by v^N_1 , v^N_2 , q^N . They were compared with the solution of the Neumann boundary value problem denoted by v̂^N_1 , v̂^N_2 , q̂^N . We calculated the absolute errors: ERU1 = ||u_1 − v^N_1 ||_2, ERU2 = ||u_2 − v^N_2 ||_2, ERP = ||p − q^N ||_2 for (20) and ERU1 = ||u_1 − v̂^N_1 ||_2, ERU2 = ||u_2 − v̂^N_2 ||_2, ERP = ||p − q̂^N ||_2 for (21-22). Here || · ||_2 denotes the discrete L^2−norm in Ω, i.e., ||v||_2 = N∑ i,j=0 v(x_i, y_j)^2 1 2 /N.

We observed that the distribution of the error was uniform in Ω. There were no boundary layers in the pressure. Hence the L^2-norm yields a reasonable measure for the error.

We calculated the above errors by taking sufficient time steps until convergence occured. The calculations were performed for N = 8 and N = 12. The corresponding numerical results are presented in table I for (22) and table II for (20). N ERU1 = ERU2 ERP 8 5.459 · 10�^4 2.726 · 10�^2 12 1.131 · 10�^4 9.718 · 10�^3

Table I. Results for the Neumann condition (22)

N ERU1 = ERU2 ERP 8 1.930 · 10�^9 8.456 · 10�^8 12 6.751 · 10�^{16} 4.770 · 10�^{14}

Table II. Results for the Pseudo-Laplacian (20)

The results show the highly improved accuracy by using the Pseudo-Laplace operator instead of the Neumann boundary value problem. These results once more substantiate the usefulness of our treatment in [18].

5 The unsteady case

For an analysis let denote by v^{n+1}, q^{n+1} the exact velocity and pressure at the time level t_{n+1}. From the pressure correction step (10) we obtain

β_0 Δt ( u^{n+1} − v^{n+1} + v^{n+1} − ũ^{n+1} ) = ∇ ( q^{n+1} − p^{n+1} + p^{n+1}_l − q^{n+1} ) in Ω.

Hence it follows

u^{n+1} −v^{n+1} + Δt β_0 ∇ ( p^{n+1} − q^{n+1} ) = Δt ( ũ^{n+1} − v^{n+1} Δt + 1 β_0

∇(p^{n+1}_l − q^{n+1}) ) .

Since the intermediate velocity ũ^{n+1} is determined by a k − th order time differentation scheme and the extrapolated pressure p^{n+1}_l by a l − th order scheme we finally obtain that the error function

u^{n+1} − v^{n+1} + Δt β_0

∇(p^{n+1} − q^{n+1}) (25)

behaves as Δt ( O(Δt^k) + O(Δt^l) ) = O(Δt^{k+1}) + O(Δt^{l+1}).

Now by taking k = l = r we finally obtain that (25) behaves as O(Δt^{r+1}) for Δt → 0.

Hence by combining a first order backward Euler scheme with a first order extrapolation (i.e., p^{n+1}_1 = p^n) we totally obtain a second order method in time. For k = l = 2 we have a third order time discretization. This theoretical result was also confirmed by numerical calculations. In the nonstationary case we consider the following example where u_1(x, y, t) = z(t)r(x)s(y), u_2(x, y, t) = −z(t)s(x)r(y), p(x, y, t) = w(t)exp(x + y − 1), and z(t) = (2π − 1 + sin(2πt)) /2π, w(t) = cos 2πt. A similar example was already investigated in [19] where a 2nd-order backward Euler scheme (for the viscous term) was combined with an Adams- Bashforth type evaluation of the convective term. This scheme is preferable to other schemes for its better stability properties (see [23]). It results in a second order time discretization (see [19]). But there was no comparable splitting. Here we really consider the splitted scheme. For the above examples we calculated the mean quadratic errors: E_{U1} = max{ERU1 : t ≥ 0} E_{U2} = max{ERU2 : t ≥ 0} E_p = max{ERP : t ≥ 0}, where ERU1, ERU2, ERP denote the quadratic errors in u_1, u_2, p at the time level t. Here we only consider the discretization by the Pseudo- Laplace operator. The calculations have been performed for N = 8 and Δt =^1_{16} ,^1_{32} ,^1_{64} ,^1_{128} ,^1_{256} . Since the starting-up procedure requires modified lower order schemes we measure the above mean quadratic errors when the effect of initialization has disappeared. Then the errors become periodic in time (the functions z, w are periodic). The corresponding numerical results are given in the tables III, IV. Δt E_{U1} = E_{U2} ratio E_p ratio 1 16 4.13 · 10�^3 1.04 · 10�^1 1 32 1.16 · 10�^3 3.56 3.79 · 10�^2 2.74 1 64 3.03 · 10�^4 3.83 1.19 · 10�^2 3.18 1 128 7.62 · 10�^5 3.98 3.12 · 10�^3 3.81 1 256 1.91 · 10�^5 3.99 7.85 · 10�^4 3.97

Table III. E_{U1}, E_{U2} and E_p for r = 1

Δt E_{U1} = E_{U2} ratio E_p ratio 1 16 1.78 · 10�^3 5.05 · 10�^2 1 32 1.63 · 10�^4 10.9 7.34 · 10�^3 6.88 1 64 2.00 · 10�^5 8.15 8.32 · 10�^4 8.82 1 128 2.50 · 10�^6 8.00 1.03 · 10�^4 8.08 1 256 3.13 · 10�^7 7.99 1.29 · 10�^5 7.98

Table IV. E_{U1}, E_{U2} and E_p for r = 2

The ratio of the errors show that we really obtain a second order method for r = 1 and a third order method for r = 2. The same orders were also obtained in the discrete H^1−norm and the maximum norm. Therefore the numerical results confirm the theoretical results for r = 1 and r = 2. We also tried the above splitting for r ≥ 3 but we observed instability. The time splitting is diverging for r ≥ 3. Only a stable third order method is available. So the main result of our paper is the third order convergence of our splitting where an extrapolation technique for the pressure has been used. Unfortunately, the scheme becomes unstable for the fourth order time discretization. Anyway it is good to know that we have obtained a third order method. Then by taking the step size Δt sufficiently small we obtain a high accuracy in each time step.

By further numerical computations we found that the instability for r ≥ 3 is due to the pressure correction step (10 - 12) where an extrapolant for the pressure has been used. A direct Uzawa decoupling procedure does not lead to a similar instability phenomen. We now consider the spectral Stokes system (18 - 19). Let us introduce the following abbreviations:

L_0 = −D^0_Δ + β_0 Δt I, A = D^0_xL�^1_0 D_x + D^0_yL�^1_0 D_y.

Then a direct Uzawa decoupling leads to the following equation for the pressure p^{n+1}:

Ap^{n+1} = h^{n+1}, (26)

where h^{n+1} = D^0_xL�^1_0 f̂^{n+1}_1 + D^0_yL�^1_0 f̂^{n+1}_2 .

After solving (26) for p^{n+1} the velocity components u^{n+1}_1 , u^{n+1}_2 can easily be determined by solving the two Helmholtz equations:

L_0u^{n+1}_1 = f̂^{n+1}_1 − D_xp^{n+1} (27) L_0u^{n+1}_2 = f̂^{n+1}_2 − D_yp^{n+1}. (28)

Now one has to solve two Helmholtz equations for L_0 and one equation for A. In contrast to the previous splitting the Pseudo-Laplace operator B is now changed to A. Clearly, in the limit Δt → 0 we obtain: Δt → 0 : A → Δt β_0 B. But for fixed Δt the inversion of A requires one additional solution of an equation for L_0. Hence for fixed Δt one should use an already calculated LU−decomposition of L_0. For decreasing Δt the iterative procedure and preconditioner for the matrix^{Δt}_{β0} B should also yield a good solver for the operator A. Since there is no pressure correction step the order of the discretization is reduced by one, i.e., the error (25) behaves as

O(Δt^r) for Δt → 0.

This was fully confirmed by numerical experiments for our nonstationary example. We calculated the errors E_{U1}, E_{U2}, and E_p for N = 12 and Δt = 1 16 ,^1_{32} ,^1_{64} ,^1_{128} . The corresponding numerical results for r = 6 are given in table V. We observe that there is no instability for r ≤ 6. For r ≥ 7 the method is diverging. So the early instability for the above pressure correction scheme is caused by the pressure correction step and the extrapolation for the pressure. Therefore if one is interested in a very high order time discretization one should use the above sixth order Uzawa splitting scheme. Δt E_{U1} = E_{U2} ratio E_p ratio 1 16 1.38 · 10�^7 2.77 · 10�^7 1 32 2.23 · 10�^9 61.88 4.48 · 10�^9 61.83 1 64 3.52 · 10�^{11} 63.35 7.06 · 10�^{11} 63.46 1 128 5.50 · 10�^{13} 64.00 1.11 · 10�^{12} 63.60

Table V. E_{U1}, E_{U2} and E_p for r = 6

References

[1] Arrow, K., Hurwicz, L., and Uzawa, H.: Studies in Nonlinear Programming. Stanford University Press, Stanford, 1968

[2] Azaiez, M.: Calcul de la pression dans le problème de Stokes par une méthode pseudospectrale de collocation, Thèse, Université de Paris Sud, 1990

[3] Azaiez, M.: Calcul de la pression dans le problème de Stokes par une méthode spectrale de quasi collocation à grille unique sans modes parasites. To appear in Annales Maghébines de l’Ingénieur

[4] Bernardi, C. and Maday, Y.: A collocation method over staggered grids for the Stokes problem. Int. J. Num. Meth. Fluids 8, 537-557(1988)

[5] Brandt, A., Fulton, S.R., and Taylor, G.D.: Improved spectral multigrid methods for periodic elliptic problems. J. Comp. Phys. 58, 96-112(1985)

[6] Bristeau, M.O., Glowinski, R., and Periaux, J.: Numerical methods for the Navier-Stokes equations. Applications to the simulation of compressible and incompressible viscous flows. To appear in Computer Physics Report

[7] Canuto, C., Hussaini, M.Y., Quarteroni, A., and Zang, T.A.: Spectral Methods in Fluid Dynamics, Springer Series in Computational Physics, Springer-Verlag, Berlin-Heidelberg-New York, 1989

[8] Girault, V. and Raviart, P.A.: Finite Element Approximation of the Navier-Stokes Equations. Springer-Verlag, 1988

[9] Glowinski, R.: Numerical Methods for Nonlinear Variational Problems.

Springer-Verlag, 1984

[10] Glowinski, R. and Pironneau, O.: On a mixed finite element approximation of the Stokes problem. Numer. Math. 33, 397-424(1979)

[11] Gottlieb, D. and Orszag, S.A.: Numerical Analysis of Spectral Methods:

Theory and Applications. CBMS-NSF Regional Conference Series in Applied Mathematics No. 26, SIAM, Philadelphia, 1977

[12] Heinrichs, W.: Kollokationsverfahren und Mehrgittermethoden bei elliptischen Randwertaufgaben. GMD-Bericht Nr. 168, Oldenbourg-Verlag, München-Wien, 1987

[13] Heinrichs, W.: Line relaxation for spectral multigrid methods. J. Comp.

Phys. 77, 166-182(1988)

[14] Heinrichs, W.: Multigrid methods for combined finite difference and Fourier problems. J. Comp. Phys. 78, 424-436(1988)

[15] Heinrichs, W.: Algebraic spectral multigrid methods, in Spectral and High Order Methods for Partial Differential Equations. Proceedings of the ICOSAHOM’89 Conference, edited by C. Canuto and A. Quarteroni, Como, Elsevier Science Publishers B.V., North-Holland, 1990 and Comp. Meth. Appl. Mech. Eng. 80, 281-286(1990)

[16] Heinrichs, W.: A 3D spectral multigrid method. Appl. Math. Comp. 41, 117-128(1991)

[17] Heinrichs, W.: Distributive relaxations for the spectral Stokes operator.

J. Scient. Comp. 8, No. 4, 389-398(1993)

[18] Heinrichs, W.: Splitting techniques for the pseudospectral approximation of the unsteady Stokes equations. SIAM J. Numer. Anal. 30, 19- 39(1993)

[19] Heinrichs, W.: Spectral multigrid techniques for the Navier-Stokes equations. Comput. Meth. Appl. Mech. Eng. 106, 297-314(1993)

[20] Kleiser, L. and Schumann, U.: Spectral simulation of the laminar turbulent transition process in plane Poiseuille flow, in Spectral Methods for Partial Differential Equations, edited by R.G. Voigt, D. Gottlieb and M.Y. Hussaini, SIAM, 1984

[21] Maday, Y., Patera, A.T., and Rønquist, E.: An operator-integration-factor splitting method for time-dependent problems: application to incompressible fluid flow. J. Scient. Comput. 5, 263-292(1990)

[22] Orszag, S.A.: Spectral methods for problems in complex geometries. J.

Comp. Phys. 37, 70-92(1980)

[23] Quazzani, J., Peyret, R., and Zakaria, A.: Stability of collocation- Chebyshev schemes with applications to the Navier-Stokes equations, in Proc. Sixth GAMM Conf. on Numerical Methods in Fluid Mechanics, edited by D. Rues and W. Kordulla, Braunschweig, 1986

[24] Rannacher, R.: On Chorin’s projection method for the incompressible Navier-Stokes equations, in The Navier-Stokes Equations II – Theory and Numerical Methods, edited by J.G. Heywood, K. Masuda, R. Rautmann and S.A. Solonnikov, Lecture Notes in Mathematics, Springer- Verlag, Berlin-Heidelberg-New York, 1991

[25] Rønquist, E.: Optimal spectral element methods for the unsteady three-dimensional incompressible Navier-Stokes equations. Ph.D. thesis, M.I.T, Cambridge, 1988

[26] Schumack, M.R., Schultz, W.M., and Boyd, J.P.: Spectral method solution of the Stokes equations on nonstaggered grids. J. Comp. Phys. 94, 30-58(1991)

[27] Temam, R.: Navier-Stokes Equations. Theory and Numerical Analysis, North-Holland, Amsterdam, 1984

[28] Yamaguchi, Y., Chang, C.J., and Brown, R.A.: Multiple bouyancydriven flows in a vertical cylinder heated from below. Phil. Trans. Roy. Soc. London, A, 312,519(1984)

[29] Zang, T.A., Wong, Y.S., and Hussaini, M.Y.: Spectral multigrid methods for elliptic equations I. J. Comp. Phys. 48, 485-501(1982)

[30] Zang, T.A., Wong, Y.S., and Hussaini, M.Y.: Spectral multigrid methods for elliptic equations II. J. Comp. Phys. 54, 489-507(1984)