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Abstract

We discuss in detail existing isotropic elasto-plastic models based on 6-dimensional flow rules for the
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1 Introduction

Since the early days of the introduction of the multiplicative decomposition into computational elasto-plasticity,
the need was felt to reduce the level of complexity and to discard the concept of a plastic rotation in the
completely isotropic setting. This means to consider a flow rule not for the plastic distortion F, (9-
dimensional)[27] [42] @] [34] [, 41l B2, B], but to consider directly a flow rule for the plastic metric tensor
Cp, = F]'F, € PSym(3) (6-dimensional) [36, B, 37, I} @3], which is then automatically invariant under left-
multiplication of F, with a plastic rotation. The plastic distortion is in general incompatible Fj, # V1, as is
the plastic metric C}, # Vl/}g V),. A formulation in the plastic metric C), is particular attractive because it
circumvents problems associated with the intermediate configuration introduced by the multiplicative decom-
position, which is trivially non-unique since

F=F.,-F,=F.-Q"-Q-F'=F;-F;, Q€S0(3). (1.1)

Several proposals with the aim of removing the non-uniqueness of the intermediate configuration have been
given in the literature. Our comparative study is related to the following models: Simo’s model [39] (Reese
and Wriggers [34], Miche [19]); Miche’s model [20]; Lion’s model [I5] (Helm [I0]), Dettmer-Reese [6]); Simo
and Hughes’ model [40]; Helm’s model [I0] (Vladimirov, Pietryga and Reese [43], Shutov and Kreilig [37],
Reese and Christ [33], Brepols, Vladimirov and Reese [I], Shutov and Thlemann [36]); Grandi and Stefanelli’s
model [§] (Frigeri and Stefanelli [7]). All these models are given with respect to different configurations, either
the reference configuration, the intermediate configuration or the current configuration. In order to be able to
compare them, it is necessary to transform all to, but one configuration. In our case we choose the reference
configuration. Moreover, any explicit dependence on F), instead of C), in the model formulation must be able
to be subsumed into a dependence on C), alone in the isotropic case. A major body of our work consists in
showing this for the models under consideration.

The paper is structured as follows. After a paragraph giving some definitions which generalize the concepts
from small strain-additive plasticity to finite strain plasticity we established some auxiliary results. Then we
discuss existing 6-dimensional flow rules from the literature. The main properties of the investigated isotropic
plasticity models are summarized in Figure[[land Figure[2l Finally, in the appendix, we obtain explicit formulas
for isotropic plasticity models.

1.1 Consistent isotropic finite plasticity model for the plastic metric tensor C,

In this paper, we use the standard Euclidean scalar product on R**3 given by (X,Y) := tr(XY7), and thus
the Frobenius tensor norm is || X||? = (X, X). The identity tensor on R3*? will be denoted by 1, so that
tr(X) = (X,1). We let Sym(3) and PSym(3) denote the symmetric and positive definite symmetric tensors
respectively. We adopt the usual abbreviations of Lie-group theory. Here and in the following the superscript
T is used to denote transposition, symX = 1(X + X7) denotes the symmetric part of the matrix X € R3*3,
while devg X = X — 2 tr(X) - 1l represents the deviatoric part (trace free) of the matrix X.

The classical concept of associated perfect plasticity is uniquely defined in the case of small strain-
additive plasticity. In this case the total symmetric strain is decomposed additively into elastic and plastic parts
€ = €. +¢p and the rate-independent evolution law for the symmetric plastic strain ¢, is given in subdifferential
format

%[gp] € OX(Sw),  tr(ey) =0, (1.2)

where 0X is the subdifferential of the indicator function X of the convex elastic domain
2 2_2 o
Ee(Ziin, 3 oy) = q X € Sym(3)| || devs Sy < 3% (C Sym(3)

and Xy := —De, [Wiin(e — €p)] is the thermodynamic driving stress of the plastic process. Here, X, is clearly
symmetric.

In such a way, the principle of maximum dissipation (equivalent to the convexity of the elastic domain
and normality of the flow direction) is satisfied. The structure of associated flow rules in geometrically nonlinear
theories is by far not as trivial as in the geometrically linear models. However, in this work we use:



Definition 1.1. (geometrically nonlinear associated plastic flow) We call a plastic flow rule for some plastic
variable P (whether symmetric or not) associated, whenever the flow rule can be written as

d
dt

PP edX(E) or \/F%[P_l] VP e f=aX(E), (1.3)

where X is some symmetric or non-symmetric stress tensor. Here, %[P_l] P is the correct format for the

time derivative (it will lead to an exponential update, see the implicit method based on the exponential mapping
considered in [38]). Moreover, we require that X is the indicator function of some convex domain in the
>.-stress space.

After liniarization (small strain-additive approximation) this condition is equivalent to classical associated
plasticity. Further, let us also remark that a metric is by definition symmetric and positive definite, i.e.
C, € PSym(3).

Definition 1.2. (consistent isotropic finite plasticity model for plastic metric tensor C),) We say that an asso-
ciated plastic flow rule, in the sense of Definition L), for the plastic metric tensor C, is consistent, whenever:

i) it is thermodynamically correct, i.e. the reduced dissipation inequality is satisfied;
i) plastic incompressibility: the constraint det Cp(t) =1 for all t > 0 follows from the flow rule;
iii) Cp(t) € PSym(3) for all t > 0 if C,(0) € Sym(3).

As we will see from the next Lemma [[LTOl our requirement iii) follows if C,(¢t) € Sym(3) for all ¢ > 0,
Cp(0) € PSym(3) and if ii) is satisfied.
We finish our setup of preliminaries with the following definitions:

Definition 1.3. (reduced dissipation inequality-thermodynamic consistency) For a given energy W, we say
that the reduced dissipation inequality along the plastic evolution is satisfied if and only if

S (R E 0] = SO0 (0] = S ¥ Cp(1)] <0 (14)

for all constant in time F (viz. C = FTF), depending in which format the elastic energy is given.

Definition 1.4. (Loss of ellipticity in the elastic domain) We say that the elasto-plastic formulation preserves
ellipticity in the elastic domain whenever the purely elastic response in elastic unloading of the material remains
rank-one convex for arbitrary large given plastic pre-distortion.

1.2 Auxiliary results

We consider the multiplicative decomposition of the deformation gradient [1Tl [12] T3] [14], 26] B1] and we define,
accordingly, the elastic and plastic strain tensors

Ce:=F!F. €PSym(3), B.:=F.F €PSym(3), C,:=F]F,€cPSym(3). (1.5)
Let us also define the stress tensors

S :=2C De[W(C)] = 2 Diog ¢[W(log C)] = Digg v [W(log U)] = U Dy[W(U)] = FTDp[W (F)],
7:=2Dp[W(B)] B = 2 Diog s[W(log B)] = Diog v [W(log V)] = V Dy [W(V)] = 2 F Do[W(C)] FT.

The tensor X = C - S3(C'), where Sy = 2 Do[W(C)] is the second Piola-Kirchhoff stress tensor, is sometimes
called the Mandel stress tensor and it holds devs ¥, = devs X i, where X is the elastic Eshelby tensor

Sk = F/ Dp[W(F.)] - W(F.) -1 = Diog . [W(log Ce)] = W(log Ce) - 1,

driving the plastic evolution (see e.g. [20] [18] M4l 2 [3]), while 7 is the Kirchhoff stress tensor.



Remark 1.5. We also need to consider the elasto-plastic stress tensors

e 1= 20, Do, [W(C.)] = 2 Diog ¢, [W (log Ce)] = Diogur, [W(logU,.)] = U. Dy, [W(U.)] = FX Dg [W ()],
7 i= 2 Dp, [W(B.)] B. =2 Diog ,[W (log B.)] = Diog v, [W(log Vo)] = Ve Dy, [W(V..)] = 2 F, De [W(C.)] F.".

The following relation holds true:
Y=FTrF T, Y. =Fl'r, F7T. (1.6)
Note that ([LG) is not at variance with symmetry of ¥ and 3. in case of isotropy.

Using the fact that for given F. € GL™(3) it holds |[FXSF_T||? > 1|S||* for all S € Sym(3), the constant
being independent of F, [27], we obtain the estimate

B 1
| deva el = [ (devs r)F 7| = <= devare| (L.7)

%

which is valid for general anisotropic materials. Since
1 1
devy S, = devs(Fl 7. F, 1) = Flr Fo T — gtr(FeTre}«“;T) A =F (1, — gtr(Te)) CFEST, (1.8)

we note

devy X, = FX(devy 1) F, 7, devy 1, = F, T(devs X0 ) FYF

e

tr(3e) = tr(7e). (1.9)

However, || devs X.| # || devs 7| for general anisotropic materials. Let us remark that for elastically isotropic
materials we have from the representation formula for isotropic tensor functions

o~

Dc, [W(C.)] = ar 1l + a3 C. + a3z C? € Sym(3),
S =2C, - Do, [W(C)] =2Ce (0 1 + a Ce + a3 C2) € Sym(3), (1.10)
where
2 ow ow 2 ow 1/2 ow
:71067 Icei, = ) =-21I Ce
aq I;/Q(Ce) 2( ) 812(08> + 3( )813(08) o] I§/2(Ce) 811(08) as 3 ( )812(08)

are scalar functions of the invariants of Ce, which are functions of C' C; ! see Lemma [[7l This leads us to
Lemma 1.6. For the isotropic case || devs X.|| = || devs 7¢||.
Proof. For the isotropic case we have 7, B, = B, T, which implies
| devs Se||® = (F (devsre) Fo 7 FY (devs 7o) 7 7) = (Be (devs 7e), (devs ) B ') = ||devs e||>. O
We also consider the following tensor
$:=20Dc[W(CC, Y] =20 DW(CC, N Cyt ¢ Sym(3), (1.11)

which is not symmetric, in general. For instance, for the simplest Neo-Hooke energy W(F,) = tr(C.) =
tr(C'C, ') we have DW(C C') =1 and X = 2C C, ' ¢ Sym(3).

Lemma 1.7. Any isotropic free energy W defined in terms of F. can be expressed as

W (F.) =W(CC,Y) =W(ETF(EIF,)™). (1.12)



Proof. Tt is clear that any elastic energy W (F.) which is isotropic w.r.t F., can be expressed in terms of the
invariants of Cl, i.e.

W(Fe) = ¥(I1(Ce), I(Ce), I3(Ce)), (1.13)
LLi(C.) = tr(Ce) = tr(B.), I2(Ce)=1tr(CofC,) = tr(CofB.), I3(C.) = detC, = det B..
Now every invariant can be rewritten as follows
L(Ce) = (Ce, 1) = (F/F.,1) = (F,"FT (FF; "), 1) = (C,C, ") = tr(CC ) = L(CC, Y, (1.14)
Ir(Ce) = (CofCe, 1) = det Ce (C 7, 1) = det(F, "C F, ") ([F, "C F, 77, 1)
=detCdet C,; ' (C™T F] F,) = det(CC, ") (C~TCL 1) = tr(Cof (CC, 1)) = L(CCY,
I3(Ce) = det Co = det(F, "C' F, ") = det Cdet C, ' = I5(C C, ).
Therefore, we obtain
W (F.) = U(11(Ce), I2(Ce), I3(Ce)) = U(1(C Cy ), L(C Cy Y, I (C O Y) = W(C G, (1.15)
and the proof is complete. O

Remark 1.8. Since I,(C.) = (CC, '), I(C.) = I(C C ), I3(C.) = I3(C C,Y), the eigenvalues of C. and
Ccp_l coincide. Clearly, C. € PSym(3), however CCp_l & Sym(3) in general, unless C' and Cp_l commute.

Lemma 1.9. The introduced stress tensors Y., i, Te are related as follows
S.=F,"SF!, S=Flr. T (1.16)
Proof. For arbitrary increment H € R3*3, we compute
(Dp[W(F.)],H) = (Dp[W(F F, "), H) = (Dp,[W(F.)], HF, ') = (Dp, [W(F.) F, 7, H). (1.17)
On the other hand, we deduce
(Dp[W(CCyM, HY = (Dp[W(FTFCy Y, H) = (DIW(CC, ), FTHC,  + HTF ¢ ) (1.18)
= 2(Fsym[D[W(C C, )G, '], H),
for all H € R3*3. In view of Lemma [[7 we have W (F,) = W (C C,'). Therefore, we obtain
2 Fsym[D[W (C C;V)]C, Y] = Dr, [W(E.)] F, T, (1.19)
and further
FIDp, W(E)] E, T =2 FTFsym[D[W(C C;1)]C; Y = 2 B, TCsym[D[W (C C, 1) C, Y. (1.20)
The above relation implies
Se = FI Dp, [W(F.)] = 2E,;TCDc[W(C C Y FY = F, TS FY.
Therefore, using Remark [[.5] the proof is complete. |
Next, we introduce a helpful lemma.
Lemma 1.10. If t — Cy(t) € R3*3 is continuous and satisfies:
detCp(t) =1 forall t>0,
C,(0) € PSym(3), = Cp(t) € PSym(3) forall t>0. (1.21)
Cp(t) € Sym(3) forall t>0

Proof. Using Cardano’s formula and due to the symmetry of C,, the continuity of the map ¢ — Cp(t) implies
the continuity of mappings ¢t — X\;(t), ¢ = 1,2, 3, where X\;(t) € R are the eigenvalues of C,(t). Since \;(0) > 0
and A\ (6)A2(t)A3(t) = 1 for all ¢ > 0, it follows that A;(¢) > 0 for all ¢ > 0 and the proof is complete. O

We can slightly weaken the assumption in the previous lemma: det Cp(t) > 0 for all ¢ > 0 is sufficient.



2 The Simo-Miehe 1992 spatial model

In the remainder of this paper we discuss different proposal from the literature for plasticity models in C). Simo
[39] (see also Reese and Wriggers [34] and Miehe [19, page 72, Prop. 5.25]) considered the spatial flow rule in
the form

1
—§£U(Be) =X\ 0., 9(7) - Be, (2.1)

where the Lie-derivative £, (B.) is given by £,(B.) := F & [C 1 FT € Sym(3), the tensor 7. = 20, W(B.)- B.
is the symmetric Kirchhoff stress tensor, the yield function ®(7.) = || devs 7| — \/gay and the plastic multiplier
)\g satisfies the Karush-Kuhn—Tucker (KKT)-optimality constraints

+ + _
Ay >0, d(1.) <0, Ay @(7e) = 0. (2.2)
The flow rule (1)) is equivalent with

d

0= 2N PO, 0(r) - BIF " = 200 F™! {% : Be] T, (2.3)

p | devs 7|

which, in view of the properties (2.2) of )\g, can be written with a subdifferential

d
a[Cz;l] € —2F 10, X(devs ) B.]F~ T, (2.4)
where X is the indicator function of the elastic domain
2 2
Eo(T,, 3 03) = {Te € Sym(?))} || devs T€||2 3% o } = {7. € Sym(3) | ®(r.) < 0}. (2.5)

We deduce (see the model Eq. (5.25) from [19]) an equivalent definition for £,(B.) given by

_%Lv( )= At devs T

P [devyr]|

(2.6)

Since C, = FT B! F we have £,(B.) = F L[C; Y| FT = F (&[F~'B.F~T]) FT. On the other hand, from
@3) it follows that

d o+ -1 devs 7e -T T p—1 o1

dt[cp 1Cp, = 2N\ F [|deV3Te| Be} F~ F" B "Fe=2F 8T€X(d€V3T€)F. (2.7)
Since

—ddtc—l = (Cof C 7! 4 co) =detCc (O dc det Cp 4 che. 2.8

dt[e p]_<0 p’dt[p]>_e P <P7dt[ ]>_e < dt[p]P>7 ()

from the flow rule (Z3) together with det C,(0) = 1 and tr(F~! devs 7. F) = 0 it follows at once that det C,(t) =
1 for all t > 0.

The next step is to prove that the flow rule @I)) implies <[W(F.)] < 0 at fixed F, i.e. the reduced

dt
dissipation inequality is satisfied. We compute for fixed in time F
d d d
W (FE ) = (DR, W(E), F[F, ) = (D W(E), FE;  Fy (B 1) (29)
d d d _
= (T D W (E), By (B ) = (S, By (B 1) = —(Seosym( B ),
| Sy ——
DP
since X, € Sym(3). We also have
d il d d _rd d _
=Gl = I —[FTF,] = m —[FF, JFFTOIt [F,) = Ff (Fp Td—t[F§]> F,+F] (d—t[Fp]Fp 1) F,=2FTD,F,,



where D), := sym (& [F, JF,;1) . Hence, we easily deduce the representation D, = %FP’T%[OP]Fp’l. Therefore,
from (2.9) we obtain

rd

d _ _
LW(ER) = (S0 2 B, TS C)F), (2.10)
dt 2 dt
Moreover, since ¥, = F Te F- T we deduce
d Lo 7 p-rd —1 L or T d 11 T
dt[W(FF )] _<Fe TeFe 7Fp d_t[CP]Fp >:§<Fe TeF det[cp ]Fp> (211)
l<FT FT7 FoTF, S0y = 2(FTr B R, S (05 = Sr F S (051 FT B
2 c Pt 2 cTe Trathr 2V At P e
The flow rule (23] implies
d 1 4 devs 7, i
a[W(FFp )] = —)\p <7’e7 W> = —)\p || deVg Te” S 0. (212)

In view of the definition of ¥, = F 7. F, " we have F~![7, BJF~" = F,'[S.]F, T . For the isotropic case
we have 7. B, = B. 7.. Hence,
F e BJF T = F ' Ber|F T = F 7 Fe Fl e F TR (2.13)
=F_

1 T T — T
U Fr P ET = FUSE, T

We also have F~![tr(r.) Be]F~" = F, ' [tr(X.)]F, ". Thus, we obtain

p
F'devs 7o BJJF ™" = F, Mdevs S F, T

Together with Remark this implies that

_ devs T, _ _ devg 2 _
| —< B |F T=p"1|—22¢ | T 2.14
Ldemn } v | Tdevs ) ©7 (2.14)

Therefore, in the isotropic case, the flow rule ([Z4) has a subdifferential structure:

d

a[Cp—l] € —2F; ' [0, X(devs %) F, T, (2.15)
where X is the indicator function of the elastic domain £(X,, % 02) = {Z. € Sym(3)| ||devs Zc||* < £ o

In view of the above equivalent representations of the ﬁow rule, we may summarize the propertles of the
Simo-Miehe 1992 model:

i) from (Z3) it follows, in the isotropic case (in which 7. and B, commute), that C),(t) € Sym(3);

ii) plastic incompressibility: from (2.7)) and (28] it follows that det C),(¢t) = 1, since the right hand side is
trace-free;

iii) for the isotropic case, the right hand-side of [23) is a function of C;! and C alone, since B, = F C; ' F"
and F'B.F = F'FC;' FTF =C, ' C;

iv) from i) and ii) together and using Lemma [[.T0 it follows that C),(t) € PSym(3);
v) it is thermodynamically correct;

vi) the right hand side of (23) is not the subdifferential of the indicator function of some convex domain
in some stress space. However, this model is an associated plasticity model in the isotropic case, see
Proposition and Proposition [.1]



3 The Miehe 1995 referential model

Shutov [35] interpreted that Miehe in [20] considered the flow ruld]

d

a[q;l] Cp = —\ Dgd(2), (3.1)

where $ = 2C Dc[W(C C, 1)) and

(X)) = | devs 7| — \/gay = \/tr((devs 2)2) — \/gay.

In this model, it is not the Frobenius norm of devs 3 which is used. Instead, in the denominator F :=
tr((devs £)2) is used, sce Eq. (52) from [37]. Since devs ¥ & Sym(3), it follows that F := y/tr((devs £)2) #
| devs 3| . Indeed, we have

tr[(devs £)2] = || devs(D)|| < (devs %, (devs 2)T) = (devs 3, devs 32)
& (devs ¥, skew(devsE)) =0 <  devsE €Sym(3) & ¥ e Sym(3). (3.2)
For the simplest Neo-Hooke elastic energy considered in Appendix [A2] W(F.) = tr(C.) = W(C’ cyl) =
1te(C'CyY), we have ¥ = C'C, Y,
remark that ¥ is not necessarily symmetric for general C},. However, using Lemma [[.9] we deduce

which is not symmetric. Hence y/tr[(devs $)2] # || devs £||. Let us again

2C,=FIS. F;7C,=FI'S.F,eSym(3) =  devsX-C, € Sym(3),
ColS=C FIS F, T =F'S.F;" e Sym(3) = C, ' devs X € Sym(3). (3.3)
In the following, we discuss first the sign of the quantity® 72 := tr((devs 2)2). First, we deduce
tr[(devs £)%] = ((devs 2) (devs T), 1) = (2 (devs £), 1) = (C, 1 T (devs X) Cp, 1) (3.5)
= (C1 2 (devs B+ Cp) T, 1) = (C; 120y (devs 2)T, 1) = (C; 1 £y, devs ).
We further see that
(C1ECp,devs ) = (U, U, U, Uy, devy B) = (U, B U, U, devs £ U,) (3.6)
= (U 2U,, U, 'SU, - %tr(i) 1) = (U, XU, U 'S U, — %tr(U;1 SU,) - 1)
= (U, ' S U,, devs(U, 'S U,)) = (devs(U, ' SU,), devs(U, 'S U,)) = || devs(U, ' ST,)|1* > 0,
where U2 = C),. Thus F? is positive and F is well defined.

Since Difb(i) = ;N (devs )T the flow rule (31) becomes
tr[(devs X)?]
d AT ~ d A+ ~
a[q;l] Cp=———L— (devs )" & C, d—t[cp—l] =————P __ devsX, (3.7)

tr[(devs 2)2] tr[(devs X))

IMiehe [20] only defines the elastic domain E (X, % cr?,) = {f) € R¥%3 | tr((devs £)2) < %cr?,} in term of 7¢, i.e. Ee(T,, % o2) =

{r e Sym(3)| [ devs 7|2 < % 03} He uses the same notation for the referential quantities. Therefore, we have two interpretations

at hand <I>(§)) = || devs 7| — %Uf, = 4/tr((devs i)z) - %Uf,. On the other hand, in the isotropic case, we have also ®(X) =
2

v - - ~

21f we are not looking for the sign of tr((devs 2)?) for all devs X € R3%3, then considering two particular values of devs ¥, e.g.

devs=| -2 -1 3 and  devsX=| 0 2 0 |, (3.4)
-1 -3 -1 o o -1

3
we obtain tr[(devs 2)2] = —2 and tr[(devs £)2] = %, respectively. Hence, tr[(devs 3)2] is not positive for all & € R3*3.

|| devs 3el| — %O’



Further, in view of ([B3]), we obtain

- d AF <
C;l devs ¥ & —[Cp] = ——E—(dev3 ) C, € Sym(3). (3.8)

tr[(devs )2]

Ao
tr[(devs 3)2]

Using Lemma [[.10 we obtain that C}, € PSym(3).
We remark that the flow rule considered by Miehe [20] (in this interpretation) coincides with the flow rule
(1) considered by Helm [10], see Proposition [G1]

Remark 3.1. Although the flow rule considered in this interpretation of the Miehe 1995 model [20] has a
subdifferential structure, the yield-function ® is not convex. Hence, the flow rule is not a convexr flow rule. In
order to see the non-convezity of ®(X) we observe first by looking at sublevel-sets that

O(X) = 1/tr((devs X)2) — 3 012} is conver & O(%) = tr[(devs £)?] is conver.

The second derivative for the simpler function ;I;(i) 18

D2®(Y).(H, H) = ((devs H)",devs H) = tr[(devs H)?], V ¥, H e R¥3,

We know that tr[(devs H)?] is not positive for all H € R3*3, since for the previous considered matriz H, such
that

-3 1 2
devs H=| -2 -3 3 ,
-1 -3 -3
we obtain tr[(devs H)?| = —2. Therefore ®(%) is not conver, and thus ®(X) cannot be conver.

4 The Lion 1997 multiplicative elasto-plasticity formulation in terms
of the plastic metric C, = FEFP

This derivation was given by Lion [15] Eq. (47.2)] in the general form (see also [10, Eq. (6.33)]) and by Dettmer-
Reese [0] in the isotropic case. Following [6] we consider a perfect plasticity model for the plastic metric C,
based on the flow rule

d

E[Cp_l] € —Fp_1 OX(devs %) Fp_T € Sym(3) for ¥, e Sym(3). (4.1)

The subdifferential 0X (devs ) of the indicator function X is the normal cone

N 1, 0, Se € int(E(Se, 307))
(Ee(Xe, = 0y);devs ) = o . (4.2)
3%y {AF m MY eRyY, B € int(Ee(Ee, 307)).

Again, in this model it is not clear from the outset, that it is a formulation in C), alone. The goal of such a
6-dimensional formulation is to avoid any explicit computation of the plastic distortion Fj,. However, the right
hand side of the above proposed flow rule is, in fact, a multivalued function in C' and C}; ! alone. Hence, we can
express the flow rule (@1 entirely in the formt

%[cp-l] C, € f(C.CM). (4.3)

3Note carefully, that f(C, C;l) is not necessarily symmetric. Moreover C;lf(c, Cgl) ¢ Sym(3) in general.



In order to show this remarkable property (satisfied only for isotropic response), and to determine the explicit
form of the function f(C,C, ), in view of (LI0) we remark that

devy 2 1 1
1 3%e T -1 T -1
COVsZe p-T_ __© |\ p-in T _ S (s, O,
P devsSe|| P [[devs S]] [ P po 3Gy
tr(Xe) =2 (1, C, (o 1 + ap Cp + a3 C?), (4.4)

Ze]? = 4(C. (a1 1L + az C. + a3 C?), Ce (a1 L 4 ap C + a3 C?)),

1
[| devs X || = \/IIEeI2 — gltr(Ze)]*.

It is clear that Fp’lEer’T =2 prl Ce (a1 1+ g Ce + a3 C?) Fp’T € Sym(3), and

Co=F'F.=F,"F'FF,'=F,"CF,",
Be=2F, (1 C+aCC'C+0a35CC,'CC O Fy
tr(Se) = 2tr(a1 CC, ' + a2 CCICC + a3 CC IO CMC O,
[Ee]l> = 4(C, (1 C 4+ a2 CC, ' C+ a3 CC, ' C CL N C0), (1 C+ a2 CC ' C a3 CC ' CCNC) C ).

=7 =7
Hence, we deduce
-1 —-T _ —1 7 —1 —1
F, Y F, " =20, f(c, c, )Cp € Sym(3), (4.5)
(8) = 260G G Y, IS = 4G, F(O.C). Fe.0 ) O,

~ B _ 1 ~ B _
| devs el =2 \/tr[(f(O, Cp ) Cp P = Sl (F(C, GG P,
where
G0 = a1 C+ a2 CC N0 + a3 C OO CMC € Sym(3), (4.6)

and o; = i (11(Ce), I2(Ce), I3(Ce)), according to (LI0). Therefore, the multivalued function f(C,C, ") is given
by

_\t
)\P

f(C, O;;l) = { —
Vul(F(e. e 2 - A(Fe.c e, e

dev3(0;1f(c,c;1)) } AgeR+}. (4.7)

In Appendix [AJ] we give the specific expression for the functions f(C,C, 1) and f(C, C, 1) in case of the
Neo-Hooke energy.
On the other hand, in view of equation (1] we also have

d N d . , _ _
%G Cy = GG 1€ CyFyt0X(devs Se) Fy T = FTOX (devs Se)F, T (4.8)
Hence, it follows that
d
d—t[cp] € FJ 0X(devs %) F, " C, = T OX(devs ) F, € Sym(3), (4.9)

which establishes symmetry of C),, whenever C,(0) € Sym(3).
Another important question is whether the solution C), of the flow rule (LI is such that det C,(¢) = 1, for
all t > 0. Let C), be the solution of the flow rule (@I]). Then, we have

d

devs¥e oAb devs(ETS.F;T)
dt

devs ¥
—17 _ + -1 3 e -T _ + T -1 -T _
[C' ==\ CF, Fl=-XNFFF — - F =

C i e p
P P P devs X P P)ldevs Zel| P 2 | devs Xl
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which implies on the one hand
d d

<a[051] Cp, 1) = <a

On the other hand, the flow rule (£.I)) together with det Cj,(0) = 1 leads to det Cp,(t) =1 for all ¢ > 0.
Let us remark that, in view of ([@3]) and (@) we have for the flow rule ({1

[C, 1, Cp) = 0. (4.10)

p

d .4 _)‘+ —17 -1 -1
— - devs[C 1 F(C, 0] - G, (4.11)

_%r[(f(c’c;l)c;l)?]— slfC.eHG T o

€Sym(3)

which is in concordance with the requirement C, € Sym(3), as can be seen from (£II)) or (£.9). Note that the

above formula cannot be read as
+ d€V3E 1

d
O] = —ar 208
] Plldevsz|| P

T

for some X, since

(I, G )0 ) = S e(FC, € )G P # L devs (FC, € I

To see this, assume to the contrary that equality holds. Then we deduce

[ (F(C,C 1)) - —[tr( F(C,CNC M = [l deva(F(C,C MG )1 (4.12)

o~

& <O,C;1>cp-1,<f<0,cp-1>q:1>T>=i<f<c,C;1>C;1,f(c,cp—l)q:l»

Since f(C, C, ') € Sym(3), we obtain

o~ ~ o~

tr[(f(C, 0O = (G F(C, G (F(C, G, 1) = (G L F(C,CY), FIC, G0 . (4.13)
Using that C}, € PSym(3), we further deduce that
(CLF(C.CoN, F(O,ch ety = (U F(C, O U, U F(C, e Uty = ([UE F(C,Co o2, (4.14)

where U} = C,,. Therefore, from {I2) we deduce

~

(F(C,CrHCt (F(C,ChehTy = (F(C,C N0 F(C,CoN0 Y & F(C,CN0 € Sym(3), (4.15)

which is not true, in general. However, it is an associated plasticity model in the sense of Definition [Tl see
Proposition [[.Il We also remark that

d _)‘Jr I —1y 1
devs[f(C,C;Y) O Y. (4.16)

Cp = p Y
atl w (C.Cy1)C 2 = gl f(C. G2

In conclusion, using Lemma [[LT0, we have
Remark 4.1. Any continuous solution C, € Sym(3) of the flow rule @) belongs in fact to PSym(3).

As for the thermodynamical consistency, we remark that

A= i A — don e do

SW(C e = (W (e ), c&[cp ) = (€ DV (C G Gy (6] = 58 G I ) (417)
1 1 __l —1 3 i —1 1 /\+ -1 e

=56 $C,.C, [Cp )= —3(C £ Gl G = —5 S C, 'S0, devs X,

11



which, using the formula FpTEe FP’T = f], leads to

d —~ 1 A
—[weoH =-- P C;'Fry, F;T e, devs(FI, F T
dt[ (CC7) 4||dev3(FpTzeF;T)|\< PP p o CpdevalFy p )
1 AT 1 1 AT
== (%, % — ztr(Ze) - 1) = —= L | devsE|* < 0.
4| devs(FISe F, 1)l 3 4l devs(F S Fp )|

Note that this proof of thermodynamical consistency may be criticized because it involves the variable F},, which
should not appear at all. However, we may also use (85 and (B8] to obtain

o= -2 — 2% _gaen 5= -2 % jaen@ Su2<o, (418
—_ = —— — tr{(dev = —= = ev > U, .
dt P 4 |devs 3| ’ 4 | devs 3| Sp 2R

We may summarize the properties of the Lion 1997 model:
i) from (LI) it follows that C,(t) € Sym(3);
ii) plastic incompressibility: from (1)) together with det C,,(0) = 1 it follows that det Cy(t) = 1;

)
)
iii) for the isotropic case, the right hand-side of (@) is a function of C; L and C alone;
iii) from i) and ii) together and using Lemma [[.T0 it follows that C,(t) € PSym(3);

)

v) it is thermodynamically correct;

vi) it is an associated plasticity model in the sense of Definition [[LT] see Proposition [71]

Remark 4.2. (Simo-Miehe 1992 model vs. Lion 1997 model) In the anisotropic case, the flow rule proposed by
Simo and Miehe [39] (and later by Reese and Wriggers [34]] and Miehe [19]) is not completely equivalent with the
flow rule proposed by Lion (see also [0, (1)), since || devs 7| # || devs Xe|| does not hold true in general. However,
the difference is nearly absorbed by the positive plastic multipliers. The models may differ due to different yield
conditions, but the flow rules are similar, having the same performance with respect to the thermodynamic
consistency. Both models are consistent according to our Definition [I.Z, but we may not switch between them,
since different elastic domains are considered, namely Es, and &, respectively. This is in fact the main
difference between this two models. Having different elastic domains we have different boundary points, since a
point of the boundary of E;. is not necessarily on the boundary of E-.. Hence, in these two flow rules we have
a different behaviour corresponding to the indicator function of different domains. The material may reach the
boundary of the elastic domain &, , while it is strictly inside the elastic domain Es,,, for the same local response.

However, we have the following result:

Proposition 4.3. In the isotropic case the flow rule proposed by Simo and Miehe [39] is equivalent with the
flow rule proposed by Lion [15].

Proof. We compare the flow rules (215 and ([@I]) and the proof is complete. O

5 The Simo and Hughes 1998 plasticity formulation in terms of a
plastic metric

The book [40] has been edited years after the premature death of J.C. Simo. In this book also a finite strain
plasticity model is proposed. However, this model has a subtle fundamental deficiency which we aim to describe
in the interest of the reader. The flow rule considered in [40, page 310] is

d ——

dev,, 7e . _ — C
[, = i .
dt - ?

’ Cp=—"77 ) (51)
! detC';/3

2
. Be pl—nc
3P r(Be) | dev,, Tel|

where B, = F.FT, 7. = 2F, D¢, [W(C.)| FY = 2B, Dp_ [W(B.)] is the elastic Kirchhoff stress tensor and
)\;; > 0 is the consistency parameter. If the plastic flow is isochoric then det F},, = detC, = 1. However,

12



we must always have detC), = 1 = detap_1 by definition of C). Since F, = FF; !, we have tr(B.) =
(Fy"FTFFE;1) = (1,0 C, 1) = tr(C C, '), Moreover, note that for elastically isotropic materials it holds

Dc, [W(C.)] = a1 I + a3 C. + a3z C? € Sym(3), Te =2F. [y 1 + g C. + a3 C?| FT, (5.2)

e

where oy, aig, iz are scalar functions of the invariants of C, which are functions of C Cp_ L see Lemmall.7l Since
C. = Fp_TC Fp_l, we obtain

Te=2FF, oyl + 2 F, "CF,; v a3 F, "CF, ' FyPCESET FT =2 F f1(C,C ) F7, (5.3)

with f1(C,C;") = a1 Cyt + e C'C Oyt + a3 C'CCoP C Oyt e Sym(3). Thus, for elastically isotropic
materials we deduce

F ' devy ] F~T =2 1(C,CY) — Zte(F f1(C,C ) FTY O™t

Wl Wl

=2 f1(C,C, 1) = Z(f1(C,C, 1), C) C~F € Sym(3), (5.4)

Jdevs 7l =/ I71?  Sir)l? =2/ ((€.C5) - €, £(C.C - e, 6,0

Hence, F~1 422t =T ¢ Sym(3) is a function of C,C,'. Therefore the flow rule (GI) can entirely be

[[dev,, Tell
expressed in terms of C' and C'p_1 alone.

Remark 5.1. It is not true, in general, that the right hand side of the flow rule G is in concordance with
det Cpy(t) = 1, assuming that det Cp(0) = 1.

Proof. From (50]) we obtain by right multiplication with C,

d -1
Fri

_2 1 devy, T

1C, = 5 (det Cp) VAN (C Oy F S ETE,. (5.5)

Pooe || devy e €

On the other hand, we have]

— d =1

— -1
) = det T (€, <[,

D et = coto, ", Lo ) :dem;lm,%[ YT (56)

dt Tdgr
Hence, we deduce

d n'tlte —
VnTe p=T q, (5.7)

|| devy, 7|~ ¢

d ——1 2 _ _ _
a[det c, 1= -3 (det C,y) 1/3 )\;r tr(C G, YWET

. _ 7. . . —-—1
Since F 1”‘3100‘\’/7"16”F8 7" is not necessarily a trace free matrix, we can not conclude that det C, (t) = const. for

all ¢ > 0. For instance, for elastically isotropic materials (see (54))) we have
devy o =2(/1(C.C;1), Cy) — §<f1(c, C1),ONC,Cy) (5.8)
9 [<cp1,cp> - %<c;1,c><c*1, cpﬁ +2as [<cplccp1, ) — %<c;1cc;1, cNC, )
+2a3 [<Oplc C,tCCh Gy - %@jlc cyteetoNeTh G,

which shows that F,! %FG_T is not necessarily a trace free matrix, see Appendix [A4] O

4Let us remark that %[det 6;1} = det 61,71(]1, %[6{1]61,) shows that detaz;l > 0 by direct integration of the ordinary
differential equation.
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Summarizing the properties of the flow rule (5II) we have:

i) it is thermodynamically correct;
the right hand side is a function of C' and C, ! only;

)
iii) from this flow rule it follows C)(t) € Sym(3) and det C(¢) > 0. Hence, it follows that C,(t) € PSym(3);
)

iv) plastic incompressibility: however, it does not follow from the flow rule that det Cp(t) = 1 (which must
hold by the very definition of C),, since the right hand side is not trace-free, in general;

v) it is not an associated plasticity model in the sense of Definition [T}

6 The Helm 2001 model

In this section we consider the model proposed by Helm [I0], Vladimirov, Pietryga and Reese [43, Eq. 25] (see
also [33] and [37, Eq. 55] and the model considered by Brepols, Vladimirov and Reese [I, page 16], Shutov
and Thlemann [36], Eq. 80]). We prove later that this model is similar to the model considered by Miehe [21]
in 1995, provided certain interpretations are included. Vladimirov, Pietryga and Reese [43, Eq. 25] considered
the following flow rule

d€V3 i

p ——— 0y, (6.1)
tr((devs 3)2)

where & = 2C D [W(C C, 1] is not necessarily symmetric for general C), € PSym(3), while (devs %) -C, €

4 Cp] € Sym(3). The flow rule (G.I) implies

Sym(3), see Section Bl Therefore, we have dt[

d —~ . do — do o L do
dt[ (CCh = (DW(CC,™)] Cd—t[Cp [} =A(CDc[W(C Cy) Cp, (67 ]) = 5(ECp, 67 ])
+
=%<c 5,0, [cp 1) = %A—P~<c;licp,deV3i>. (6.2)
tr((devs X)?)
Thus, using (30 and B6) we deduce
Af - At -

(i[ W(CC,h) = —%—ptr[(dewZ)Q]:—7p||deV3(U;12Up)H§O, (6.3)

tr((devs )2)

which shows thermodynamical consistency.
Summarizing, the Helm 2001 (Reese 2008 and Shutov-Thlemann 2014) model has the following properties:

i) from (@3) it follows that it is thermodynamically correct;
plastic incompressibility: from (GI) and (Z8)) it follows that det C,(t) =

iii) for the isotropic case, the right hand-side of the flow rule (@1 is a function of C’ and C' alone;

ii)

i)
iv) from &[C,] € Sym(3). it follows, in the isotropic case, that Cy(t) € Sym(3);
v) from ii) and iii) together and using Lemma [[.T0] it follows that C),(t) € PSym(3);
i)

vi) it has formally subdifferential structure, see Proposition [[2l However, the clastic domain & (%,

not convex w.r.t 3, see Remark (.11
Moreover, we the following result holds:

Proposition 6.1. The flow rule considered by Helm [I0] coincides with the flow rule ([G), i.e. with the
interpretation of Miehe’s proposal [20] presented in Section[3.

Proof. The proof follows from (G.1)) and (B.8]). O
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7 The Grandi-Stefanelli 2014 model

In this section we present a model based on one representation used by Grandi and Stefanelli [§] and previously
used by Frigeri and Stefanelli [7, page 7]. We start by computing
d —~ d

aW(Cc HY=(ow(ch,C

—1p T —1yy d
(G 1) = (sym[CDW(C G )], =

= (VT symlO DW(C GG, /T, S0 V). (7.1)

o
=3 ¥ € Sym(3)

(e

p

It is now easy to see that, if we choose

d

VG 1€, V/Cy € ~0: X(devs %), (7.2)

where X (devs ) is the indicator function of the convex elastic domain
ol 5 S 2 1 o2
E.(%, 3 oy) =42 € Sym(3) ||| devs ZH <30y (> (7.3)

then C, € Sym(3) and the reduced dissipation inequality %W(C C, ') < 0 is satisfied. Thus, the model is
thermodynamically correct. We also remark that the flow rule (C2)) implies

(5110, 1C) = (5 (6 VG VG 1) = (VG 1165 1 1) = 0. (7.4)

Hence, we obtain det Cy,(t) = 1 and further C,(t) € PSym(3).
Using Lemma [[.9 we give some new representations of the stress-tensor

= 2/C, sym[CDW(CC;Y)]/C, ' =2sym [\/C,,’1 (CDW(CCY) w/C,,’l} (7.5)
. g . . oy —1y 1
in terms of the stress tensors %, and 7., respectively. From (LII)) we obtain C DW(CC, ') = 53X C),. We

also use F, = R, U, = R, \/C,, and F = F_F},. Hence, we deduce

Y =sym(y/C,  $C, /Ty ) =sym(/C,  £1/Cp),s (7.6)
Y =sym(\/C, FI S FT/Cy) = sym(\/Cy /Ty RS Ry /Ty \/C,,) = sym(R S, Ry),
S =sym(\/C, " FTr F7T\/Cy) = sym(\/C, ' FTFL 7. F-TE;T \/Cy) = sym(RLFT 7, FTR,).

Note that X, is symmetric in case of elastic isotropy. Hence, for the isotropic case, we have
Y =R]S.R,, = RIFI'7.F.TR,. (7.7)
However, we have |3 = [|R] X¢ R, [|> = [|Zc]]?, tr(X) = tr(R] Xc Rp) = tr(X.). Together, we obtain that

| devs 3| = || devs Se||.

In conclusion, for isotropic elastic materials we have the equivalence of the elastic domains

Ec(B,z0y) =E(Be, =07). (7.8)
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Therefore, the flow rule (C2) proposed by Grandi and Stefanelli [8] has the following properties:
i) it is thermodynamically correct;

ii) from this flow rule it follows C)(t) € Sym(3) and det Cp(t) = 1. Hence, it follows that Cy(t) € PSym(3);

o o
iii) the elastic domain &, is convex w.r.t. 3;

iv) it is an associated plasticity model in the sense of Definition [T}

[e]
v) it preserves ellipticity in elastic loading if the energy is elliptic throughout £, which makes it useful in
association with the exponentiated Hencky energy W._, [29] 30, 27, 28].

We finish this section comparing the Helm 2001 model and the Lion 1997 flow rule with the Grandi-Stefanelli
2014 model.

Proposition 7.1. In the isotropic case, the Lion 1997 flow rule (i.e. the Dettmer-Reese 2004 model [6]]) is
equivalent with the Grandi-Stefanelli 2014 flow rule.

Proof. We recall that the flow rule of the Lion 1997 model is

d

devg X
—17 + —1 3 ~e T
LI = AL, F

1
+ . 2
y P Tdevanlr 0 e €Re for B gintE(Ee, 3oy)). (7.9)

o
Since F, = R, /C} and in the isotropic case ¥, = R, ¥ R}, using (T8) we rewrite the Lion’s flow rule in the
form

o

d 1 devs(R, X RT _ o o o 1
Yoo e oy e 0B IR o et N eRy for BB RT g imt(Ea(S. o)),
& | devs(R, % RE)| ’
which is equivalent with
d devs & o o o1
VO C VG, = =X S M EeR, for R, YR ¢int(E.(2, =), (7.10)
[| devs X

o

Moreover, R, ¥ RL € int(E.(2, 307)) & ¥ € int(€.(X, $07)). Therefore, the flow rule (ZIT0) becomes

d o
\/de—t[c;l]w/cp € —6%X(deV3 ), (7.11)
which coincides with the Grandi-Stefanelli 2014 flow rule (T.2]). O

Proposition 7.2. In the isotropic case, the Helm 2001 flow rule is equivalent with the Grandi-Stefanelli 2014
flow rule, i.e. it is also equivalent with the Lion 1997 flow rule and the Dettmer-Reese 2004 model.

Proof. We have

o

-1 -1 _ -1 = —1
Y =sym(y/Cp, ¥./Cp)=sym(\/C, XC,C,"\/Cp)=sym(/C, (SCp)\/Cp ), (7.12)
and we recall that for isotropic materials
S0, =FI's. F,7C,=FI'S, F, € Sym(3)

holds. Hence, for isotropic materials

° -1 ,~ ~1 -1z - ° —1
S=1C, (SC)C, =,C, £C, =% /C, . (7.13)
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Using the above identity, we may rewrite the Helm 2001-flow rule (6I)) in the form

%[CP] o dev3(\/ﬁpzo\/c_pi )1 .C,. (7.14)
Virleva(/G = /Gy )

We also have

i \/_2\/_ J— ), devs(VE ST ) = T (devs ) /T (7.15)
r([deva(y/Gy 2 /Gy )12 = \/C_p(deVs £GP = tf(\/C_p (devs 2)? /G, ') = tr((devs £)?)

= {(dev3 ©)%, 1) = (devs ¥, devs B) = || devs 3||%

Hence, Helm’s flow rule (61 is equivalent with

d devs 3. d devs 3.
Sie) =t /G, B2 O, s O~ /T, = At S (7.16)
dt p dt-? P
[| devs X [| devs X
and the proof is complete. |

Remark 7.3. The equivalence is true for an isotropic formulation only. However, the Grandi-Stefanelli model
will provide a consistent flow-rule for a plastic metric also in the anisotropic case.

An existence proof for the energetic formulation [7] of the model given by Grandi and Stefanelli [§] together
with a full plastic strain regularization can be given along the lines of Mielke’s energetic approach [23] [24] [16]

25, 7.

8 Summary

In isotropic elasto-plasticity it is common knowledge that a reduction to a 6-dimensional flow rule for a plastic
metric Cp is in principle possible. We have discussed several existing different models. Not all of them are free
of inconsistencies. This testifies to the fact that setting up a consistent 6-dimensional flow-rule is not entirely
trivial.

One problem which often occurs, is that the flow rule for C), is written in terms of F},, which however should
not appear at all. One finding of our investigation is that, nevertheless, in the isotropic case, all consistent
flow rules can be expressed in C), alone and are equivalent. The Grandi-Stefanelli model [8] has the decisive
advantage to be operable also in the anisotropic case. In Figure [l and Figure Bl we summarize the investigated
isotropic plasticity models and we indicate if the known conditions which make them consistent are satisfied.
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émo—Miehe 1992-spatial model/
Reese-Wriggers 1997-model
W = W(B.)
dicyl e —2F 1 [0-, X(devs re) - B F~T

=f(Cc,cphy-cpt
Te = 2F. Do, [W(Ce)]| FT = Dp, [W(F.)] FT € Sym(3)
thermodynamically correct
det Cp(t) = 1, Cp(t) € PSym(3)
convex elastic domain & (7, % 0'3)

{eserves ellipticity in the elastic domain

A

equivalent

(in isotropy)

\

equivalent

(in isotropy)

~

/Lion 1997-referential model
W = W(Ce)
410, e —F; 10X (devs Se)Fy T

A

4

2001-referential model

é}lm

wW=wccyh
410, = -0y Dg@(3)
N—_— —

=fc.cpy-cpt

B(3) = \/tr((devs ¥£)2) — 2 02

thermodynamically correct

det Cp(t) =1, Cp(t) € Sym(3), Cp(t) € PSym(3)
non-convex yield function ®

convex elastic domain Ee (3, % 0)2,)

{oserves ellipticity in the elastic domain

S =2CDe[W(CCy ] =2CDW(CCyYH Cpt & Sym(3)

<

equivalent

(in isotropy)

>

4

Simo-Hughes 1998-model
W = W(Ce), Cp := Cp/(det Cp)'/3

d =1 2. 4 _q devp Te
=[C =—- A tr(Be) F7———
wlCp ] 3P 1(Be) [devn 7ol

~

—-T

=fccy ot

thermodynamically correct
det Cp(t) #1 >0, Cp € Sym(3) and C), €

but det Cp # 1 according to flow rule

convex elastic domain & (7, % 0'5)

preserves ellipticity in the elastic domain

Q)n-associated plasticity: f1 # 8X

Te = 2F. D, [W(Ce)] FE = D [W(F.)] FT € Sym(3)

PSym(3)

/

o=

Y

=f(Cc,cpt)-cpt
Ye =2C.De,W(Ce) = FTDp W(F.) € Sym(3)
thermodynamically correct
det Cp(t) =1, Cp(t) € PSym(3)
2

convex elastic domain e (Ze, %a'y)

Qesorvos ellipticity in the elastic domain j

A

equivalent

(in isotropy)

Y

/Grandi—Stefanelli 2014-referential model

W=wccyh

L1657 = v/ T 0 X(devs $) VT, T
=fc,cph-cpt

S =2/ LsymC DW(CCyY)] /Ty ' € Sym(3)

thermodynamically correct

det Cp(t) =1, Cp(t) € Sym(3), Cp(t) € PSym(3)

convex elastic domain ge(ZO], % a2)

y
preserves ellipticity in the elastic domain

associated plasticity: f = —,/Cp - [8§:X(dev g))} v Cp

can be used for anisotropic response as well

supports existence result with gradient regularization

~

/

A

equivalent
(in isotropy)

Y
Miehe 1995-referential model

W=wccyh
E(C 1 = =2pDsgd(E) Oyt
N— —_—

~

=f(C,cph)-cpt
O(3) = \/tr((devs £)2) — 2 02
S =20DW(CCY)Cyt & Sym(3)
thermodynamically correct
det Cp(t) =1, Cp(t) € Sym(3), Cp(t) & PSym(3)

non-convex yield function ¢

convex elastic domain & (X, % 032,)

Qreserves ellipticity in the elastic domain j

Figure 1: Idealized, isotropic perfect plasticity models involving a 6-dimensional flow rule for C), w.r.t. the
reference configuration are considered. By definition, the trajectory for the plastic metric Cp(t) should remain
in PSym(3). Al is the plastic multiplier. We have recast all flow rules in the format 4p=l1P e —0X or

VP &£P71VP e —0x.

18



ﬂnother referential model x

5T —1
W=Ww({CC,") ﬁ-dimensional flow rule \

41y e 05X (devs £) G, ! W = W(C.) = W(FF )
=fa2(C,0p 1) Oyt —F, (771 € OX(devs 2e)
S =20DW(CCY)Cy ! ¢ Sym(3) I Ye =2C. D¢, W(Ce) = FT Dp, W(F.) € Sym(3)
thermodynamically correct < structure thermodynamically correct, det ), = 1
det Cp(t) =1, Cp(t) & Sym(3) convex elastic domain Ee(Xe, %03)
Cp(t) € PSym(3) preserves ellipticity in the elastic domain

convex elastic domain c‘,’e(i, % Uf,) wsociated plasticity: f = 8X /

preserves ellipticity in the elastic domain

{ssocia‘ccd plasticity: fo = 8X J

Figure 2: An additive logarithmic model, additive small strain plasticity, an inconsistent model and a 9-
dimensional flow rule for F},. All these models are associative, since all flow rules are in the format % [Pl P~ 1e

—0X or %[ap] € 0X.
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Appendix

A.1 The Lion 1997 model for the Neo-Hooke elastic energy

For a quick consistency check we exhibit the consistency of this model directly for a Neo-Hooke elastic energy and we give the
concrete expression for the functions f(C, C;l) and f(C, C;l). To this end, we consider the energy

Ce

= . Ce det Cp=1
Wy (Ce) = ptr <W> +h(detC) = ptr (W

) + h(det C).

We deduce X¢ :=2Ce D¢, [W(Ce)] =2Cep m M =2pu m - Ce. Hence, the flow rule ([@J) can be written in the form

d dev C, AL 1
—cY=-Atpt —— ¢ p-T—-__ P _ (F*lceF*T——t Ce valF*T)
il PP TdevCe| P [devCel \'P po T3 tCe) B R,
)\14; —1 —1 1 —1 —1
- (cloct—Zw(erto)-cot). Al
[dev Ce]| ( P r 3G 0 G (A1)

We also deduce

1 1 1
l[dev Cel® = lICell* = < [ex(Ce))* = 1B, T C B 1P = S [ (B T C B )P = (B T OBy T OF) = 2 (Fy T C Ry, 1)

—(c;te oot - é [t(C L O = [6x(C L ©)2) % [tx(C L O))2. (A.2)
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Therefore, we obtain
_ Ay
Virl(Cr €)2] = L [(cy o))
)‘3 -1 11 -1
=- et (ot —-w(ecy ) 1),
VI 02 - Lu(cyt o)) 3

Comparing [@I8), (A3), (@3) and @7T), we deduce

d
—ic-t
5 Cp ]

-1 1 —1 —1
(cp C - gm0 G (A.3)

_)\;)L
VHlC G2 = A (C Cp P2

We clearly see that even for this simple energy, we have tr[(C Cp 1)?] — %[tr(c Cp M2 # || devs(C Cpfl)||27 since if we assume
contrary we deduce

fle.e;hy=c, fecpt) = devs(C,1C) | A €Ry

wl(C ;1)) é[tr(CC;l)F —llcc P - %[tr(cc;l)ﬁ s (CC (oY =+(CC o, (A.4)
On the other hand, we deduce
tr[(CCy ) =(ccyh(Cceyh, 1)y =t (C ey, )y = (Ct eyt Gy (e ey T 1) = (C e, Cy ). (AB)
Since from Remark EI]it follows that Cp € PSym(3), we further deduce that
(c,tee, ey ety = (U U P CC U Uy, C Oyt = (U, L CCy U, Uyt C O U) = U, P C U2 >0, (AL6)
where Ug = Cp. Hence, [tr(C C’;l)z] >0 and from (A4) we deduce
et ceHhy=cyh,coyly e (CC 1t skew(CCpl) =04 skew(CC,')=0 <« CC,'eSym(3). (A7)
In conclusion, tr[(C C’;l)2 — %[tr(C C’;l)}z # || devs(C C’;l)H2 and the flow-rule does not have a subdifferential structure of the
form Cp $[C; ' € —OX (devE).

A.2 The Helm 2001 model for the Neo-Hooke energy

For the simplest Neo-Hooke elastic energy W (Fe) = tr(Ce) = W(C C;l) = % tr(C C‘;l)7 we have

— B 1 ~ _
De[W(CCyh) = 3 ! = Y =CC, ' ¢Sym(3), (A.8)
and the flow rule (61)) implies
d devs(C' C, ! A 1 _
E[Cp] =X ©G ) -Cp = L [C— gtr(C c, H.Cpl €Sym(3) = Cp € Sym(3),
trl(devs(C Gy )?] trl(devs(C Gy 1))?)
and also

d _ devs(CCy Y
a[c,,] Cyt =t d = detCp =1. (A.9)

tr[(devs(C Cp 1))2]

The thermodynamical consistency may follow from (G3]). An alternative proof, directly for the Neo-Hooke case, results from (6.2)
and ([A.8)), since we have at fixed time C

4 e - 5 e s 5
ZWEee ) =- —— (G, ' £ Cp,devs ) = — —
4 4/tr[(devs(C Cp ))?] tr[(devs(C Cp ))?]
= A (CC T, devs(C ) (A.10)
tr[(devs(C Cy1))2)

(C 1 Cdevs(CCy )

)\+
=- L (C712devg(C Oyt CY2 072 devg(C Oy HCY2 1)
tr[(devs(C Cp 1))2]
)\+
- P (devs(CY2 it )T devs(CH2 Cyt M), 1)
tr[(devs(C C;l))2]
)\+
- _ P ||dCV3(Cl/2 C;l 01/2)”2’
tr[(devs(C Cp 1))2)

which is ncgativcﬁ. Therefore, this model is thermodynamically correct as now shown also for the simple Neo-Hooke energy.

5Surprisingly, this follows even if C' and C’;l do not commute in general. If C' and Cp commute, then X = C'C;l € Sym(3)
and the quantity does have a sign, since then (X7 devs X) = || devs X||2 > 0.
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A.3 Another referential model

We recall that, in view of Lemmal[l7] any isotropic free energy W defined in terms of Fe can be expressed as W (F,) = W(C C;l).
In order to assume that the reduced dissipation inequality is satisfied, we compute

d — ~ d — d ~ d
EW(c cyh)y=(Dw(ech),cC I (C, 'y =(Dw(CCc, e, E[c;l} Cp) = (2, I (C, 1 Cp). (A.11)

Here, s = 2C D¢ [W(C C’;l)]7 as in the Reese 2008 and Shutov-Thlemann 2014 model. It is tempting to assume the flow rule in
the associated form (see e.g. the habilitation thesis of Miehe [I9] page 73, Satz 5.32] or [22] and also [2I, Table 1])

d _ ~
211G e~ O:X(devs S), (A.12)
where X(deV3 i) is the indicator function of the convex elastic domain
= 2 = = 2
£ 2 03) = {EER3X3\||deV32||2 < gag}. (A.13)

Note that this flow rule dm is not the formulation which Miehe seemed to intend. We have discussed the correct interpretation
in Subsection
Regarding such a formulation we can summarize our observations:

i) this flow rule is thermodynamically correct;

) the right hand side is a function of C' and Cgl only, i.e. s = i(C, C’;l);
iii) plastic incompressibility: from this flow rule it follows that det C)(¢) = 1, since the right hand side is trace-free;
)

however, the computed tensor Cp(t) will not be symmetric since iC;l ¢ Sym(3) in general. For instance, for the
simplest Neo-Hooke energy W (Fe) = tr(Ce) = tr(C' Cy ') we have £ = 2CCy ¢ Sym(3), 2C; ' =20 C;? € Sym(3), in
general, and the flow rule becomes

Ap

R o R S—
dt | dev(C Cp )l

_ 1 _ -~
[0y = S r(C ) - O] ¢ Sym(3); (A.14)
v) it is an associated plasticity model in the sense of Definition i}

In conclusion, this model is inconsistent with the requirement for a plastic metric , i.e. Cp € Psym(3). Moreover, if we are looking
to the flow rule in the associated form considered in the habilitation thesis of Miehe [19], page 73, Satz 5.32] (see [22] and also |21}

Table 1]), since the subdifferential aiX(devg ¥) of the indicator function X is the normal cone

N ) o) dova ) 0, Y € int(&e (X, 20)) )
e(X, 7 oy);devz X) = dovs & - . ~ :
3 OF e f e R} S g (S, Sod).
the flow rule can be written in the form
d devy ¥
—[cC, = A —22 A.16
dt[ P } P P ” deV3 E” ( )

which is not equivalent with the flow rule ([37) considered by Miche [20], since & ¢ Sym(3). Let us remark that we have the
symmetries devs = - Cp € Sym(3), Cp ! devs & € Sym(3), but these do not assure that the flow rule (AIG) implies Cp € Sym(3).

A.4 The Simo-Hughes 1998-model for the Saint-Venant-Kirchhoff energy and for
the Neo-Hooke energy

devy Te FfT
Tdevy, 7el[~ €
matrix, we consider two energies: the isotropic elastic Saint-Venant-Kirchhoff energy and the energy considered by Simo and Hughes

[40} page 307]. On the one hand, the well known isotropic elastic Saint-Venant-Kirchhoff energy is

In order to see that the quantity F{l which appears in the Simo-Hughes flow rule is not necessarily a trace free
A A

Wave = 5 1€e = 12 + 5 [tx(Ce = 1)) = &1 Be — 1> + 5 [tx(Be — DI, (A17)

and the corresponding Kirchhoff stress tensor is given by
A A
rEVRU) = D, WSVE(B)] = (FT Ce FY = 1)+ Ser(Ce = 1)+ 1 = o (Fe FY — 1) + Ser(F FY = 1) - 1.
Hence, we deduce
e

1
Fo b dev, VK ol = pF  devy [Fe FOVFo T = pF Y [F. FY — Su(Fe FIy )T (A.18)

1 o 1 1o
:M[ﬂ_gtr(Fng)'FelFe T}:M[l_gtr(FeFeT)'FelFe T]v
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and further

1 1
(F7 devn VK o7 1) = (1 — Sur(Fe FIY.FARTI 1) = [3 - (P FIytr(F1 F;T)} (A.19)

=u|3— étr(Ce)tr(C’gl)} =u {3 tr(Ce) tr(Cof ce)} .

ot
3 det Ce

We remark that (F; ! [devy, 7SVK] F- T 1) = 0 if and only if tr(Ce) tr(Cof Ce) = 9 det C, which does not hold true in general. Since
Ce and CofCe are coaxial and symmetric, the problem can be reduced to the diagonal case, i.e. we may assume Ce = diag(A1, A2, A3),

Xi > 0. Hence the condition tr(Ce) tr(Cof Ce) = 9 det Ce, becomes
9XA2A3 = (A1 + A2 FA3) (M1 A2 + Xads + Azde) & 0=A1(A2 — A3)2 + XAz — M)2 + A3(A1 — A3)?

which is satisfied if and only if A\; = A2 = A3. Therefore, for the Saint-Venant-Kirchhoff energy, in this model, det C), = 1 is only
true for the conformal mapping Fe = X - SO(3) € R4 - SO(3).
On the other hand, the energy considered by Simo and Hughes [40] page 307] is

B, K
Weimo(Be) = (— =% = 1,1) + 7 [(det Be — 1) — log(det Be))] , (A.20)

2 det B, 4

for which the Kirchhoff stress tensor is given by
. B K 1
Simo e

T, =pdevy | ————~ | + = (J — —) . A.21
e H (det Bi/3> D) cT T ( )

Hence, we deduce
1

(Fot [deva m2MO Fo T 1) = p——70
det B,

(F7ldeva B FoT 1) = (devs Be, F; T F7 1 (A.22)

det B;/B

- 1 _ 1 _
e (o B B = [(Be, B — Jen(Bo ()
det Be det Be 3
1

=U—m
det BY/3

3— étr(Be)tr(Bgl)} =pu {3 det Be — étr(Be)tr(CofBe)] .

det B3

Therefore (Fg ! [dev,, 75m°) Fo T 1) = 0 if and only if 9 det Be = tr(B.)tr(CofB.). Similar as above, it follows that this holds
true if and only if Fe = X -SO(3) € R+ - SO(3).
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