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Numerical results for an elasto-plastic Cosserat model with more than one
million dof in 3D
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We present a finite element implementation of a infinitesimal elasto-plastic Cosserat model allowing for non-symmetric
stresses. We use the von Mises yield criterion and restrict plastic effects to the classical elastic response as in the perfect
plastic case. We review the nonlinear equations for the weak formulation of the problem. Numerical results are presented for
3D example with more than one million degrees of freedom.
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In the geometrically linear generalized continua of Cosserat micropolar type we postulate independent infinitesimal micro-
rotations of the material. Thus, as a consequence of balance of angular momentum, Cauchy stresses σ are not symmetric any
more. It is known that Cosserat effects regularize the mesh size dependence of localization computations where shear failure
mechanisms play a dominant role (see also [1]). Let ΓD ∪ ΓN ⊂ ∂Ω. We want to determine

displacements u : Ω × [0, T ] −→ R3,
infinitesimal micro-rotations A : Ω × [0, T ] −→ so(3),
non-symmetric stresses σ : Ω × [0, T ] −→ R3,3,
symmetric plastic strains εp : Ω × [0, T ] −→ Sym(3) with εp(0) = 0,
and a plastic multiplier Λ: Ω × [0, T ] −→ R,

satisfying the essential boundary conditions and the equilibrium equations

− div σ(x, t) = b(x, t), (x, t) ∈ Ω × [0, T ] ,
σ(x, t)n(x) = tN (x, t), (x, t) ∈ ΓN × [0, T ] ,
−µL2

c∆A(x, t) = µc

(
skew(Du(x, t)) − A(x, t)

)
, (x, t) ∈ Ω × [0, T ] ,

DA(x, t) · n(x) = 0, (x, t) ∈ ΓN × [0, T ] ,

the constitutive relation σ = 2µ
(
sym(Du)−εp

)
+λ trDu ·I+ 2µc

(
skew(Du)−A

)
, the complementary conditions for the

yield criterion Λφ
(
TE

)
= 0, Λ ≥ 0, φ

(
TE

) ≤ 0, and the flow rule ε̇p = ΛDφ
(
TE

)
, depending on TE = 2µ

(
sym(Du)−εp

)
,

where we have neglected the arguments in space and time. The elasto-plastic Cosserat problem is well-posed [2, 3].
Let Vh×Wh be a finite element space with vh = 0 and Bh = 0 on ΓD. The model of incremental infinitesimal plasticity is

obtained by a decomposition in time and use of backward Euler scheme. The fully discrete elasto-plastic problem is equivalent
to the following nonlinear weak problem [4]. For given εn−1

p find (un, A
n
) ∈ Vh × Wh such that

∫
Ω

PK

(
2µ(sym(Dun

h) − εn−1
p )

)
: Dvh dx + λ

∫
Ω

trDun
h · trDvh dx

+ 2µc

∫
Ω

(
skew(Dun

h) − A
n

h

)
: Dvh dx = �(tn,vh), vh ∈ Vh ,

µL2
c

∫
Ω

DA
n

h · DBh dx = µc

∫
Ω

(
skew(Dun

h) − A
n

h

)
: Bh dx, Bh ∈ Wh ,

with the orthogonal projection PK(θ) = θ−max
{
0, | dev(θ)|−K0

} dev(θ)
| dev(θ)| on the elastic domain K := {τ ∈ R3,3 : τT =

τ , | dev τ | ≤ K0} of the von Mises flow rule. For smooth Dirichlet data and smooth domain the solution of the time-discrete
update problem is H2-smooth [5]. The nonlinear weak problem can be written as a minimization problem [4].

For linear Lagrange elements, we have linear convergence in h. The elasto-plastic Cosserat Model is a regularization
for classical perfect plasticity (shear failure mechanisms). Future work will be the analysis and robust implementation of
geometrically nonlinear elasto-plastic Cosserat Models.
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Fig. 1 Boundary conditions and coarse grid for notched cube. We compute load-displacement curve on uniform refinement level 2,3 and 4
(µc = 10−4µ, Lc = 10−2). On level 4 we compute up to 1.311.751 dof.
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