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Abstract

Assume n > 2. Consider the elementary symmetric polynomials ey (y1,y2,...,yn) and
denote by FEo, E1, ..., En_1 the elementary symmetric polynomials in reverse order
Ek(ylvy%--wyn) = en—k(yhy%---,yn): Z YirYio « o Yip_p » ke{ovly---vnfl}-

1< <y
Let moreover S be a nonempty subset of {0,1,...,n—1}. We investigate necessary and
sufficient conditions on the function f: I — R, where I C R is an interval, such that the
inequality
flar) + fla2) + ...+ f(an) < f(br) + f(b2) + ...+ f(bn) ™)

holds for all a = (a1, a2,...,an) € I" and b = (b1,ba,...,b,) € I" satisfying
Eir(a) < Ex(b) for k€ S and Ex(a) = Ex(b) for k € {0,1,...,n—1}\ S.

As a corollary, we obtain ) if 2 <n <4, f(z) =log’z and S = {1,...,n — 1}, which is
the sum of squared logarithms inequality previously known for 2 < n < 3.
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1 Introduction - the sum of squared logarithms inequality

In a previous contribution [I] the sum of squared logarithms inequality has been introduced
and proved for the particular cases n = 2,3. For n = 3 it reads: let a1, as,as, by, b, b3 > 0 be
given positive numbers such that

ar +az +az < by 4+ by + b3,
a1 a2 +ar a3 + azaz < by by + by b3 + b2 b3,
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Then
log® a1 + log? as + log? as < log? by + log? by + log® b3 .
The general form of this inequality can be conjectured as follows.

Definition 1.1
The standard elementary symmetric polynomials eq,...,e,_1, €, are

er(Y1y -y Yn) = Z Yis " Yo - Yj» k€{1,2,...,n}; (1.1)

1<51 <j2<...<jr<n

note that e, =y1-Y2... " Yn.

Conjecture 1.2 (Sum of squared logarithms inequality)
Let ay,as,...,ay, by,bs,..., b, be given positive numbers. Then

ex(at,...,an) <eg(b,...;bn), ke{l,2,....n—1}, en(ar,...,an)=en(br,...,b,)

= ZlogQ a; < ZlogQ b; . (1.2)
i=1 i=1

Remark 1.3
Note that Conjecture .2 is trivial provided we have equality everywhere, i.e.

ex(ar,...,an) =ep(br,...,bs), ke{l,2,...,n}. (1.3)
In this case, the coefficients a1, ...ayn,b1,...b, are equal up to permutations, which can be
seen by looking at the characteristic polynomials of two matrices with eigenvalues aq,...,a,
and by,...,b,. From this perspective, having equality just in the last product e, and strict

inequality else seems to be the most difficult case.

Based on extensive random sampling on R’} for small numbers n it has been conjectured that
Conjecture might be true for arbitrary n € N. The sum of squared logarithms inequality
has immediate important applications in matrix analysis [7, 2] as well as in nonlinear elasticity
theory [4, [5 [6 B]. In matrix analysis it implies that the global minimizer over all rotations to

inf || sym, Log Q" F|? = | VETF|? (1.4)
QeSO(n)

at given F' € GL™(n) is realized by the orthogonal factor R = polar(F) (such that RT F =
VFTF). Here, || X|* := }°',_, X7 denotes the Frobenius matrix norm and Log : GL(n) —
gl(n) = R™*™ is the multivalued matrix-logarithm, i.e. any solution Z = Log X € C"*" of
exp(Z) = X and sym,(Z) = 1 (Z* + 2).

Recently, the case n = 2 was used to establish a polyconvexity statement in nonlinear elas-
ticity [B), 4]. For more background information on the sum of squared logarithms inequality we

refer the reader to [I].

In this paper we extend the investigation as to the validity of Conjecture[.2 by considering
arbitrary functions f instead of f(z) = log® z. We formulate this more general problem and we
are able to extend Conjecture to the case n = 4. The same methods should also be useful
for proving the statement for n = 5,6. However, the necessary technicalities prevent us from
discussing these cases in this paper.

In addition, we present ideas which might be helpful in attacking the fully general case,
namely arbitrary f and arbitrary n.

2 The generalized inequality

In order to generalize Conjecture[[.2in the directions hinted at in the introduction, we consider
from now on a non-standard definition of the elementary symmetric polynomials. In fact, for



n > 2 it will be more convenient for us to reverse their numbering and define Ey, F1, ..., Eyp_1
by

Ek(yl,---yn) ::en—k(yla---ayn): Z Yiv s Yio oo " Yipy_p» k€{0’15’n_1}
11 <. <Up—k
(2.1)
In particular
Eo(yr,--syn) = en(y1,- - Yn) = U1 Y2 Un
Ena(y,-- - yn) =e1(y1, - yn) =1 +y2+ ...+ Yn. (2.2)

Let I C R be an open interval and let
An={y= 1,92,y yn) €EI" : 1 <ya < ... < yn}. (2.3)
Let S be a nonempty subset of {0,1,...,n—1} and assume that a,b € A, are such that
Er(a) < E(b) forkeS and Ex(a) = Ex(b) for ke {0,1,...,n—1}\S. (2.4)

In this section we investigate necessary and sufficient conditions for a (smooth) function f: I —
R, such that the inequality

flar) + fla2) + ..+ flan) < f(br) + f(b2) + ... + f(bn)
holds for all a,b € A,, satisfying assumption (2.4)).

Remark 2.1

The formulation of the above problem has a certain monotonicity structure: we assume that
“E(a) < E(b)” and want to prove that “F(a) < F(b)”. Therefore our idea is to consider
a curve y connecting the points a and b, such that FE(y(t)) “increases”. Then the function
g(t) = F(y(t)) should also increase and therefore ¢'(t) > 0 must hold. From this we are able to
derive necessary and sufficient conditions on the function f.

This approach motivates the following definition.

Definition 2.2 (b dominates a, a = b)

We will say that b dominates a, and denote a = b, if there exists a piecewise differentiable
mapping y: [0,1] — A, (i.e. y is continuous on [0,1] and differentiable in all but at most
countably many points) such that y(0) = a, y(1) = b, y;(t) # y,(t) for all but at most countably
many t € [0,1] and the functions

Ap(t) = Ex(y(t)),  ke{0,1,...,n—1}
are non-decreasing on the interval [0, 1].

If a < b, then Ey(a) = Ar(0) < Ai(1) = Ex(b), so it follows from Definition that a,b
satisfy assumption (2.4) with S being the set of all k for which Ay () is not a constant function
on [0, 1].

We are ready to formulate the main results of this chapter.

Theorem 2.3
Assume that a,b € A,, and let a < b. Let S C {0,1,...,n—1} denote the set of all integers k
with Ey(a) < Er(b). Moreover, assume that f € C™(I) be such that

(=)™ @k (@)D <0 forallzelandallkeS. (2.5)
Then the following inequality holds:

flar) + flaz) + ...+ flan) < f(b1) + f(b2) + ...+ f(bn) - (2.6)

A partially reverse statement is also true.



Theorem 2.4
Let f € C™(I) be such that the inequality

fla) + flaz2) + ...+ flan) < f(b1) + f(b2) + ...+ f(bn) (2.7)
holds all a,b € A,, satisfying
Ei(a) < Ep(b) forkeS  and  Eyg(a)=Ey(b) forke{0,1,...,n—1}\S (2.8)
for some nonempty subset S C {0,1,...,n—1}. Then f satisfies property (23, i.e.
(=)™ @k (@)D <0 forallz el andallkeS. (2.9)
In this respect, we can formulate a conjecture:

Conjecture 2.5
Let S be a nonempty subset of {0,1,...,n—1} and assume that a,b € A,, are such that

Eix(a) < Ex(b) forkeS and Er(a) = Ex(b) forke{0,1,...,n—1}\S. (2.10)
Then there exists a curve y satisfying the conditions from Definition and thus a = b.

Remark 2.6

In concrete applications of Theorem and Theorem one would like to know whether
condition (2.4) implies a =< b. This is Conjecture Unfortunately, we are able to prove
Conjecture[Z3 only for 2 <n <4, = (0,00) and S C {1,2,...,n—1} (see the next section).

Remark 2.7

It is easy to see that if I = (0,00) then the function f(z) = log®x satisfies property (X)) for
S ={1,2,...,n—1}. Indeed, we proceed by induction on n. For n = 2 and k = 1 the property
is immediate. Moreover

(—1)n+k($kf/($))(n—1) — 2(_1)n+k($k—1 1og$)("_1) (2.11)
= 2(*1)n+k((kz _ 1)zk72 logz)(n72) + 2(*1)n+k(zk72)(”*2) <0

by the induction hypothesis, since the second summand vanishes. It remains to check property

@3) for k = 1, which is also immediate.
Note also that property (Z.3) is not true for k = 0. Therefore Theorem and Theorem
24 for f(z) = log® = attain the following formulation:

Corollary 2.8
Assume that a,b € R’ be such that a < b and a1as...a, = biby...b,. Then

10g2(a1) + 1og2(a2) 4+ ...+ 1og2(an) < logQ(bl) + logQ(bg) 4+ ...+ 1og2(bn)

and this inequality fails, if the constraint aias ...a, = b1bs ... b, is replaced by the weaker one
aias...ay, <bibs...b,.

Remark 2.9
This is a weaker statement than Conjecture[[.d since we assume that a < b. If Conjecture 2.3
is true, then Conjecture[L2 follows.

Remark 2.10
The function f(z) = aP (x > 0) with p € (0,1) satisfies property (23] for the set S =
{0,1,...,n—1}. Indeed:

(—1)n+k(xkf/($))(n—1) = (_1)"+kp(k3 tp—Dk+p—2)...(k+p— (n—l))$k+p_" .

The above product is not greater than 0, because among the factors k+p—1,k+p—2,..., k+
p — (n—1) there are exactly n — 1 — k negative ones.

Similarly, the function f(x) = zP for p € (—1,0) satisfies property (23 for the set
S ={1,2,...,n—1}, because p < 0 and among the factors k+p—1,k+p—2,...,k+p—(n—1)
there are exactly n — k negative ones. On the other hand, property (2.1)) is not true for k = 0.

Thus, similarly like above, we have



Corollary 2.11
Assume that a,b € (0,00)™ be such that a < b and ajas...a, = biba...b,. If p € (—1,1), then

al +ab+... 4+ <y +b5+ ...+ 0P

This inequality fails for —1 < p < 0 (but remains true for 0 < p < 1) if the constraint
a1as...ay, = bibs ... b, is replaced by the weaker one aias...a, < biby...b,.

Proof of Theorem [Z.3] Let y: [0,1] — A,, be the curve connecting points a and b like in the
definition. Consider the function

p(t, ) = (@ +y(0) (@ +y2(t)) - - (@ + ynlt }:xW%
=(x+a)(z+az)...(x+am) +ZxkAk t), (2.12)
Kes

where Ag(t) = Ex(y(t)) — Ex(a) is a non-decreasing mapping. Our goal is to show that the
function

) =>"flyit) (2.13)
i=1
is non-decreasing on [0, 1], i.e. we show that n/(t) > 0 a.e. on (0,1).
To this end, fix < € {1,2,...,n}. Since p(t, —y;(t)) = 0, we obtain
5 p(t, —yi(t) + g5 p(t, —yi(1) - (~yi(t)) =0
for all ¢t € (0,1) and therefore

> (v )+ [ [ — wi(®) - (—wi(1)) =0, (2.14)

keS Ve

which gives

it = ) 440 (TTws ) — wite)

kesS J#i

From this we get

Zf yz Ys )
—Zf 0:0) - i) A0 (T 0~ wa(e)

keS i
=D At Ejf'yz z@Dk(II@@@)—xh@»)fl. (2.15)
kes i

Fix ¢t € (0,1) and write y; = y;(¢) for simplicity. Since A} (t) > 0, we will be done, if we show
that

D= }:fm Yi) Hﬂw—mﬂ >0 forallkesS.

J#i
To this end, consider the polynomial
n , k 1
g(@) =3 ') (v (TTwi —v)) [T -u)-
i=1 i J#i

The degree of g equals n—1 and the coefficient at 2" ~! is equal to D. Moreover,

g(ys) = £' (i) - ()" - (D" ((=1,2,...,n).



Therefore the function h(x) = g(z) + (—=1)"*t*2* f’(z) has n different roots y1,y2, . .., ¥» in the
interval I. It follows that the function

PO (@) = (n = DD + (=1 Rk (@) (2.16)

has a root in the interval I, and since (—1)"t#(z* f/(z))»~1) < 0 for all = € I, it follows that
D > 0, which completes the proof of Theorem 2.3 [ ]

Proof of Theorem 241 Suppose, to the contrary, that (—1)*7(z* f'(x))»~1) > 0 for some
r € I and some k € S. Then (—1)*"(2* f'(x))™=Y > 0 holds for all x belonging to some
interval J contained in I. Choose the numbers a1 < as < ... < a,, from J and consider

pt,z)=(z+a1)  (x+az)-... (x+a,)+tak.

Then for all sufficiently small ¢ (0 < ¢t < ¢), there exist different numbers y;(¢) belonging to J,
such that

p(t,z) = (z +y1(t) (@ +y2(t) ... (2 +yn(t)).
Then

n—1 n—1
2"+ Y Bia)-at +tab = plte) ="+ Y Ei(y() o
=0 i=0
and since ¢ > 0, we see that a and b = y(t) satisfy ([2.8)). We will be done if we show that

flar) + flag) + ...+ flan) > fyr(1) + f(y2(t) + ...+ f(ya(t)) -

We proceed in the same way, as in the proof of Theorem We define

n

n(t) =>_ fui(t)

i=1

and this time we want to show that n'(t) < 0 for 0 < t < e.
By the Inverse Mapping Theorem (see proof of Proposition [34] below for a more detailed
explanation), y € C1(0, ) and therefore

n n _1

W) =Y f i) - yit) =D Fwi(t) - (—ui()* (H(yj(t) - yi(t))) : (2.17)

i=1 i=1 J#£i
Now, like previously, write y; = y;(¢t) for simplicity. Our goal is therefore to prove that

n -1
D:=>"f'(u)- (_yi)k(H(yj - yi)) <0.
i=1 i
Consider the polynomial

n

o) =3 £ - o ([T - 90) T —w).

i=1 i i

The degree of g equals n—1 and the coefficient at ™! is equal to D. Moreover, the function
h(z) = g(x) + (=1)"T*2* f'(x) has n different roots y1,ys,...,y, in the interval J. It follows
that the function

R D(2) = (n = DD + (=1)" (2" f(2)) "=

has a root in the interval J. And since (—1)"+k(zF f'(x))(»=1) > 0 for all x € J, it follows that
D < 0, which completes the proof of Theorem 2.4 [ ]



3 Construction of the connecting curve

In this section we prove that condition (Z4]) implies @ < b, if 2 < n < 4, I = (0,00) and
S C{1,2,...,n—1}. However, we start with a construction of the desired curve for a general
interval I, integer n > 2 and set S C {0,1,...,n—1}.

For a,b € A,,, we say that a < b, if a # b and Ej(a) < E(b) for all k =0,1,...,n—1. We
say that a < b, if a < bor a =b.

Definition 3.1
For a < b denote by C(a,b) the set of all piecewise differentiable (i.e. continuous and differen-
tiable in all but at most countably many points) curves y in A,, satisfying:

(a) the curve y(t) starts at a (i.e. y(0) = a, if the curve y(t) is parametrized by the interval
[0,€]);

(b) y(t) € int (A,,) for all but at most countable many values t;

(c) the mappings Ey(y(t)) are non-decreasing on t and Ey(y(t)) < Ej(b) for all t and each
k=0,1,...,n—1.
Note that a curve in C(A,b) does not necessarily end at the point b.

Proposition 3.2

Let n > 2 be a positive integer and let S be a nonempty subset of {0, 1,...,n—1}. Let moreover
a,b € A, be such that (2.4) holds. Furthermore, suppose that for all ¢ € A,, with a < ¢ <b
the set C(c,b) is nonempty. Then a < b.

Proof. Each element (curve) of C(a, b) is a (closed) subset of A,,. We equip the set C(a, b) with
the inclusion relation C, obtaining a nonempty partially ordered set (C(a,b), C). We are going
to show that each chain {y;}iez has an upper bound in C(a,b).

To achieve this, consider the curve

w=Uu-

1€

Then obviously yg satisfies conditions (a) and (¢) of Definition Bl To prove (b) assume that g
is parametrized on [0, 1]. Then for each positive integer k the curve yy, defined as the restriction
of yo to the interval [0,1 — £], is contained in some curve y; € C(a,b) of the given chain {y;}.
Therefore yg(t) is piecewise differentiable and satisfies condition (b) for each positive integer k.

Moreover,
[e ]
Yo = U Yk -
k=1

Hence yq is piecewise differentiable and satisfies (b) as well.

Now, by the Kuratowski-Zorn lemma, there exists a maximal element y in (C(a,b), C). We
show that y is a desired curve connecting the points a and b, which will imply that a < b.

To this end, it is enough to show that, if the curve y is parametrized on [0, 1], then y(1) = b.
Suppose, to the contrary, that y(1) = ¢ # b. Then a < ¢ < b, and hence the set C(c,b) is
nonempty. Thus the curve y can be extended beyond the point ¢, which contradicts the fact

that y is a maximal element in C(a,b). This completes the proof of Proposition 3.2l |
From now on assume that I = (0,00) and S is a nonempty subset of {1,2,...,n—1}.

In order to prove that (Z4]) implies a < b, it suffices to show that the sets C(a, ) for a,b € A,
with a < b are nonempty. This is implied by the following conjecture, which we will prove later
for n < 4.

Conjecture 3.3
Let n > 2 be an integer and a € A,,. Let S be a nonempty subset of {1,2,...,n—1} with the
property that there exist Ay, > 0 for k € S such that all the roots of the polynomial

g(z) = (x4 a)(z+az)...(x+a,)+ Z Apat
keS

are real (and hence negative). Then there exist continuous on [0,¢|, differentiable on (0,¢)
and nondecreasing mappings By, : [0,e] — R (k € S) with By(0) = 0 such that ), ¢ By(t) is



increasing on [0, ] and for all sufficiently small values of t > 0 the polynomial

(+a1)(z+az)... (x+an)+ Y Bi(t)z"
kesS

has n distinct real (and hence negative) roots.
Now we show how Conjecture implies that the sets C(a,b) are nonempty.

Proposition 3.4
Let n and S be such that the conjecture holds. Let moreover a,b € A,, be such that (Z4) holds.
Then the set C(a,b) is nonempty.

Proof. Consider the polynomials

plx)=(x+a)(x+a2)...(x+a,) and gla)=(z+b1)(@+b2)...(x+0by).

Then
a(@) —p(x) = S (Ei(b) — Bula)at = 3 At
k=0 kesS

where Ay > 0 for all k € S. According to the conjecture, there exist continuous on [0, ] and
differentiable on (0,¢) nondecreasing mappings By : [0,¢] — R, with Bi(0) = 0 such that
> res Br(t) is increasing on [0,¢] and for all ¢ € (0,¢) the polynomial

p(x)+ Y Bi(t)z"

has n distinct real (and hence negative) roots —yn () < —yn—1(t) < ... < —y1(t) < 0. We show
that y(t) = (y1(¢),y2(¢),...,yn(t)) defines a differentiable curve (parametrized on [0,¢]) that
belongs to C(a,b), provided ¢ is chosen in such a way that By(e) < Ay, for k € S.

Consider the following mapping ¥: A,, — ¥(A,) given by

U(y) = (En-1(y); En—2(y), ..., Eo(y)) .

Then it follows from Remark that the mapping ¥ is injective, hence ¥ is a continuous
bijection defined on a closed subset of R™. Therefore the mapping ¥~! is continuous and thus

y(t) =¥~ a + (Bo(t), Bi(t),..., Bn-1(t))) (t€[0,€])

(here we put By (t) = 0 for k ¢ S) is a curve starting at a. Moreover y(t) € A,,. Hence condition
(a) is satisfied. Since y(t) € int (A,,) for all ¢ € (0,¢), condition (b) holds. It is also clear that
(c) is satisfied, since Ex(y(t)) = Ex(a)+Bi(t) < Ex(a)+ Ay = Ex(b) for all k € {0,1,...,n—1}.

So it remains to prove that y(t) is differentiable on (0,¢). This however is a consequence of
the Inverse Mapping Theorem, if we show that

det[DU(y)] #0 for all y € int (A,,).

To this end, let V(y) be the n x n Vandermonde-type matrix given by V;;(y) = (—y;)" 7
(1 <4,j <n). This matrix is obtained from the standard Vandermonde matrix

L=y (—p)* - (—y)™!
) (*yz)i e (*yz)"_i
W(iylv —Y2,.-., 7yn> = 1 & (_y3) o (_ys)n_ (31)
1 —yn (7yn)2 e (77Jn)n71
by reversing the order of columns of W.
Then by the formula
n—2
"> R B (2, 20 2ne1) = (EH 2)(E+ 22) - (B 20m1) (3.2)
k=0



we infer that

V(y) - DU(y) = ding (TT w5 — o). TTws = w2 [T (s = ) - (3.3)
J#1 J#2 ji#n
It is well-known that
det[V(y)] = H_(yj —¥)#0 (yeintAy).

Therefore we obtain

det[DU(y)] = [J(wi — ;) #0 (y €intA,),

i<j

which completes the proof of Proposition [3.4] |

Lemma 3.5
Assume that n > 3 is odd and let 0 < a1 < as < ... < a,. Let moreover A, > 0 for
k=1,2,...,(n—1)/2 with at least one Ay not equal to 0. Consider the polynomials

(n—1)/2
P(z) = (v +a1)(x +az)...(z +an) + Z A1

(n— 1)/2
Qz)=(r+a)(z+az)...(x+an)+ Z Apa®® (3.4)

Then the polynomial P has exactly one root in the interval (—a1,0) and at most two roots in
the interval (—ay,, —an—1). Moreover, the polynomial @ has exactly one root in the interval
(—o0, —ay,) and at most two roots in the interval (—az, —aq).

Proof. That P has exactly one root in (—az,0) follows immediately from the observation that
P(—a1) <0, P(0) >0 and P'(x) > 0 on (—aq,0).

Now we show that @ has exactly one root in (—oo, —ay,).

Dividing the equation Q(z) = 0 by z™ajaz . ..a, and substituting z = 1/z and b; = 1/a;,
yields the equation Py(z) = 0, where

(n—1)/2
Po(z) = (z+b1)(z+b2) ... (2 + by) Z Byz?*

for some nonnegative numbers By, not all equal to 0. We already know that Py has exactly one
root in the interval (—b,,, 0), so it follows that @ has exactly one root in the interval (—oco, —ay,).
Now we prove that @ has at most two roots in the interval (—ag, —a;). To the contrary,
suppose that @ has at least 3 roots in (—az, —aq). Since Q(—az2) > 0 and Q(—aq) > 0, it follows
that @ has an even number, and hence at least four, roots in the interval (—ag, —aq).
Let 0 > —¢y > —cg > ... > —cp—1 be the roots of p'(z) = 0, where

p(x)=(x+a))(r+a2)...(x+a,). (3.5)

Then a; < ¢; < az. The polynomial Q(x) is decreasing on the interval [—ag2, —c1], so it has
at most one root in this interval. Therefore the polynomial ) has at least three roots in the
interval (—c1, —a1), and consequently the equation @Q”(z) = 0 has a root in (—c1, —a1). But
Q" (z) > 0 for all x > —c1, a contradiction. Hence @ must have at most two roots in (—ag, —as).

Finally, to prove that P has at most two roots in the interval (—a,, —a,—1), divide the
equation P(z) = 0 by z™ajaz ... a, and substitute z = 1/x and b; = 1/a;. This reduces to the
equation Qo(z) = 0, where

<n 1)/2
Qo(2) = (2 +b1)(z+ba)...(2+by) Z By 22

for some nonnegative numbers By, not all equal to 0. We already know that Qg has at most
two roots in the interval (—b,_1, —b,), so it follows that P has at most two roots in the interval
(—=@n, —apn—1). This completes the proof of Lemma B3 [ ]

The same proof yields an analogous result for even values of n.



Lemma 3.6
Assume that n > 2 is even and let 0 < a1 < as < ... < a,. Let moreover A, > 0 for
k=1,2,...,n/2 and not all of the Ay’s are equal to 0. Consider the polynomials

n/2
Pl)=(x+a)(z+a2)...(x+a,) + Z Apz?s 1
k=1
n/2—1
Qz)=(r+a)(z+az)...(x+apn)+ Z Apz?h (3.6)
k=1

Then the polynomial P has exactly one root in each of the intervals (—oo, —a,) and (—az,0)
and @ has at most two roots in each of the intervals (—ay, —a,—1) and (—az, —a1).

Proof. The same proof as that for Lemma can be used. |

Now we turn to the proof of Conjecture B3] for 2 < n < 4 and an arbitrary nonempty set
Sc{1,2,...,n—1}.

We first make some useful general remarks.

Let I(a) = {i € {1,2,...,n—1} : a; = a;41}. If I(a) is empty, then the conjecture holds.
Indeed, if £ € S, then all the roots of the polynomial

(z+ay)(z+az)...(x+ap)+ tak

are, for all sufficiently small ¢ > 0, real and distinct.

On the other hand, if I(a) = {1,2,...,n—1}, then only the set S = {1,2,...,n—1} satisfies
the assumptions of the conjecture. Indeed, suppose that [ ¢ S and let —b; > —by > ... > —b,
be the roots of

q(z) =(x4+a1))" + Z Ak
kesS

Then by the inequality of arithmetic and geometric means, we obtain

El(a) _ El(b)

M @)
.=b,

. Since Ey(a) = Ey(b), it follows that a = b, i.e. Ay = 0 for all

> (Eo(b)" =0/ = (Bp(a)) "0/ =

(3.7)

and hence b = by = ..
ke S. A contradiction.

Let I be a non-empty subset of {1,2,...,n—1}. We observe that the conjecture is true for
aset S and all a € A, with I(a) = I, if it is true for aset T = {n—k : k€ S} and allb e A,
with I(b) = {n—i : ¢ € I'}. Indeed: if all the roots of the polynomial

g(z) = (z4+a)(z+az)...(x+a,)+ Z Apx®
kesS

are real, then substituting = 1/z and a; = 1/b;, we infer that all the roots of the polynomial

r(z) = (2 4+b1)(z+bs) ... (z+by) + Y Bi2!
ler

are real. Hence there exist continuous on [0, €], differentiable on (0, ) and nondecreasing map-
pings C;(t) with C;(0) = 0 such that the polynomial

(z+b1)(z+b2) ... (2 +ba) + Y Cr(t)2!
leT
has n distinct real roots. Substituting z = 1/ and b; = 1/a;, we infer that the polynomial
(x4+a)(z+a2)...(x+an) + Z Ch_p(t)z"
kesS

has n distinct real roots.

For n = 2 the only possibility for the set S is {1} and it is enough to notice that the
polynomial (z 4 a1)(z + a2) + ta has two distinct real roots for any ¢t > 0.
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Assume now n = 3. Then, in view of the above remarks, we have to consider two cases: 1)
a1 < as = as; 2) a] = ag = as.

1)If2 ¢ S, then the condition of ConjectureB.3] can not be satisfied since, according Lemma
B3 the polynomial

P(z) = (z +a1)(x + a2)* + Az
has only one real root for all A; > 0. We can therefore assume 2 € S, and for all sufficiently
small ¢ > 0, the polynomial
(x4 a1)(z+ az)? + ta?

has three distinct real roots.

2) According to the above remarks, S = {1,2}. Then the polynomial ( + a1)3 + ta1z + tz?
has 3 distinct real roots for all sufficiently small ¢ > 0.

Assume n = 4. In this case we have 5 possibilities: 1) a1 = a2 < a3 < aq; 2) a1 < ag =
as < ag; 3) a1 < ag = az = aq; 4) a1 = az < ag = aq; 5) a1 = az = az = ay.

1) We note that S # {2}, since, by Lemma [3.6] the polynomial

(x + a1)*(x + a3)(x + ag) + Az for Ay >0

has at most two real roots. Therefore S contains an odd integer k. Then for all sufficiently
small ¢ > 0, the polynomial (x + a;)?(x + a3)(z + a4) + tz* has four distinct real roots.

2) Note that 2 € S, since otherwise, by Lemma 2, the polynomial
(x +a1)(x + a2)*(x + ag) + Az + Azx®  for Ay, Az >0
has at most two real roots. Then for all sufficiently small ¢ > 0, the polynomial
(z + a1)(z + a2)*(x + ag) + ta?

has four distinct real roots.

3) We observe that {1,2} C S or {2,3} C S, since otherwise, by Lemma 2, each of the
polynomials

(z+a1)(z+a2)®+ A1z + Az2® and (v +a1)(x + az)® + Agz?  for Ay, As, A3 >0

has at most two real roots. Moreover, we prove that S # {1,2}.

Suppose that the polynomial (z + a1)(z + a2)® + A1z + Azz? has four real roots. Let
Q1(x) = (x+a1)(r+a2)? and Q2(x) = Ajx+ Azz?. Let —c # az be the root of the polynomial
Q' (z) and let —d be the root of Q% (x).

If d < ¢, then @ is decreasing on (—oo, —c|, so @ has at most one root in this interval.
Therefore @ has at least 3 roots in the interval (—c, 0). Thus Q”(x) has a root in the interval
(—¢,0), which is impossible, since Q”(z) > 0 on (—¢,0).

If ag > d > ¢, then Q is increasing on the intervals [—¢, 0) and (—oo, —d], so @ must have
at least two roots in the interval (—d, —c). But @(x) < 0 on this interval.

Finally, if d > a2, then @ may only have roots in the union (—o0,a2) U (—aq,0). But
Q is increasing on (—aq,0), so @ has 3 roots in (—oo,as). This however is impossible, since
Q" (x) > 0 for x € (—o0,az). Thus {2,3} C S and the polynomial

(x +a1)(z + az)® + ta?(z + az)

has for all sufficiently small ¢ > 0 four distinct roots.

4) Since the polynomial (z + a1)?(x + a3)? + A22? has no real roots, 1 € S or 3 € S. Then
the polynomial (z + a1)?(x + ag)? + tz® for k = 1,3 has for all sufficiently small ¢ > 0 four
distinct real roots.

5) In view of the above remarks, S = {1,2,3}. Consider
r(z) = (x + a1) + tad + 2ta12® + t(a? — 12z = (z + a))* + tz((z + a1)? — 7).

Then for all sufficiently small t > 0, a? — t* > 0, and the polynomial r has four distinct real
roots, because

r(—a; —2t) = t3(10t — 3a;) < 0, 7(—a1) = a1t® > 0 and r(—a; + 2t) = t3(22t — 3a1) < 0.

Thus we have proved:
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Corollary 3.7
Conjecture[33 is true if 2 < n < 4 and S is an arbitrary subset of {1,2,...,n—1}.

This implies that the sum of squared logarithms inequality (Conjecture[[.2]) holds also for n = 4.

Corollary 3.8 (Sum of squared logarithms inequality for n = 4)
Let a1, as,as, aq,b1,b2,b3,bs > 0 be given positive numbers such that

a1 +az+az+ag < by 4 by + b3 + by,
ayaz +ayaz+azaz+ayas+azas+azag < byby + by bz +babz + by by + baby + b3bs,
a1 aza3 + a1 G2 a4 + az a3 ag + ay az ag < by by bz + by ba by + ba b3 by + by b3 by,

aj ag as a4 — b152b3b4.
Then
log?® a1 + log? as + log? as + log? as < log? by + log® by + log® bs + log® by .

Proof. Use Corollary B7] and observe that S may be an arbitrary subset of {1,2,3}. [

Corollary 3.9
Let n > 2 be an integer and let T be an arbitrary subset of {1,2,...,n—1}. Assume that the
conjecture holds for n and for any nonempty subset S of T. Let moreover f € C™(0,00). Then
the inequality

F(ar) + f(a2) + -+ Fan) < F(br) + F(ba) + .-+ F(bn)

holds for all a,b € A,, satisfying
Ey(a) < Ep(b) for k€T and Ey(a)=Ek(b) fork=0ork &T (3.8)
if and only if
(=) R@F ()Y <0 forallz >0andallk€T. (3.9)

Proof. Assume first (8.9) holds and let a,b € A, satisfy (8.8). Consider any ¢ € A,, with
a < ¢ < b. Then the pair ¢, b satisfies condition ([Z4]) for some nonempty subset S of T.
Therefore by Proposition B4, the set C(c,b) is nonempty and hence by Proposition 3.2 a < b.
Now Theorem 23] implies that inequality ([26]) holds.

Conversely, if (Z6]) holds for all a,b € A, satisfying (.8, then (L) also holds for all
a,b € A, satisfying condition ([24) with S = 7. Thus Theorem [2.4] implies (3.9). This com-
pletes the proof. |

4 Outlook

Our result generalizes and extents the previously known results on the sum of squared logarithms
inequality. Indeed, compared to the proof in [I] our development here views the problem from
a different angle in that it is not the logarithm function that defines the problem, but a certain
monotonicity property in the geometry of polynomials, explicitly stated in Conjecture [3:3}

If one tries to adopt the above proof of ConjectureB.3for n < 4 to the case n > 5, one has to
deal with approximately 2" cases considered separately. Therefore it is clear, that the extension
to natural numbers n beyond n = 6, say, is out of reach with such a method. Instead, a general
argument should be found to prove or disprove Conjecture for general n. Furthermore, it
might be worthwhile to develop a better understanding of the differential inequality condition

(=) (2 £ () =D < 0.
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